
Multivariate Statistics (I)

2. Principal Component Analysis (PCA)
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2.1 Comprehension of PCA 

2.2 Concepts of PCs

2.3 Algebraic derivation of PCs

2.4 Selection and goodness-of-fit of PCs

2.5 Algebraic derivation of sample PCs

2.6 Visualizations of PCA

2.7 R for PCA : Practice Time
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• Definition of Principal Components (PCs) : 

Algebraic Def.: Particular linear combinations of the original 𝑝 random variables

Geometric Def.: Selection of a new coordinate system obtained by rotating the

original system with as the coordinate axes.

• PCA : technique for concerning with explaining the variance-covariance 

structure through PCs.

 Objectives:

 Data (dimension) reduction: 𝑝 variables -> 𝑘 PCs (𝑘 ≪ 𝑝)

 Interpretation of variables

 Checking the normality and outliers

 PCs scores can be used as a new data

kth PC :

~ (𝜇, Σ )
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Harold Hotelling (1933): approach for finding the PCs maximizing 1857-1936

1895-1973

𝑥𝑖

𝑟𝑖 𝑝1

𝑚𝑖

𝑣1

= 𝑐𝑣1

≅
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[Step 1] Prepare a multivariate data matrix X

[Step 2]  From the X, calculate S ( or R ) 

[Step 3] Obtain the eigenvalues and eigenvectors of S ( or R ) based on the

Spectral Decomposition 

[Step 4] Choose the first m(≤ 𝑝) eigenvalues 

which are greater than 70% of total sum of eigenvalues

[Step 5] Obtain the PCs with eigenvectors corresponding the selected eigenvalues 

in [Step 4] and raw variables.  

[Step 6] Calculate PCs scores from the centred data( or standardised data)

[Step 7] Consider PCs scores as a new multivariate data which are dimension 

reduction
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Figure 1 gives a plot of 50 observations on two highly correlated variables .

If we transform to PCs 𝑝1, 𝑝2, we obtain the plot given Figure 2 wrt PCs.

(Jolliffe(2002). Principal Component Analysis, Spring-Verlag, New York)

Figure 1: Plot of 50 observations on x1 and x2 

Consideration  of variations in both x1 and x2:
- Rather more variation in the direction of x2 than x1.

- Clearly there is greater variation in the direction of 𝑝1 but very little variation  in the direction of 𝑝2. 

Figure 2: Plot of 50 observations on PCs y1 and y2 

𝑝1

𝑝2

x1

x2
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[Example 2.2.1]3 subjects data

Students math Algebra Statistics

Student1 65 85 85

Student2 65 80 90

Student3 30 40 50

Student4 70 83 82

Student5 35 43 52

Student6 72 82 92

Student7 40 43 48

Student8 68 83 82

Student9 25 32 43

Student10 17 51 35
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 PCA steps for 3 subjects data

[step 1] Prepare a multivariate data matrix X

[step 2] From the X, calculate S

[step 3] Obtain the eigenvalues and eigenvectors of S ( or R ) based on the

Spectral Decomposition 

Eigenvalues:

Eigenvectors:
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[step 4] Choose the first m(≤ 𝑝) eigenvalues 

which are greater than 70% of total sum of eigenvalues

[step 5] Obtain the PCs with eigenvectors corresponding the selected eigenvalues 

in [Step 4] and raw variables.  

First  PC :

Centred variables:

Raw Variable:

Second  PC :
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[step 6] Calculate PCs scores from the centred data( or standardised data)

[step 7] Consider PCs scores as a new multivariate data which are dimension 

reduction

Y =

P =
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Random vector: 

Spectral decomposition: 

Orthogonal matrix 

Diagonal matrix with eigenvalues 

kth PC: 

PC vector: 
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 How many PCs ?

 Retain only the components whose variances (eigenvalues) are greater than or 

equal to 1 for R, or 0 for S(Rule of thumb= Kaiser(1960)’s rule)

 Percentage of variation accounted for by the first m PCs 

(Goodness-of-fit):

 for R

 for S

 Scree plot (Cattell, 1966)

Plot of eigenvalues against components number

The slope actually increases bt 3 

and 4, but then falls sharply
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[Table 2.4.1] PCs coefficients for interpretations of PCs 

(2.4.3)

Correlation coefficient between the kth PC and lth variable : 

Random vector

Importance(contribution) of 𝑥𝑙 to 𝑝𝑘

- kth PC :
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[Example 2.4.1] Selection of PCs in PCA by Spectral Decomposition of Covariance Matrix

𝑥1: 𝑐𝑚 , 𝑥2: 𝑔 𝑥1:𝑚𝑚 , 𝑥2: 𝑔Children height and weights : 
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Contours of constant probability based on

Difference between PCs for the two scales of measurement in x1

Most of the variation is the direction of x1
Both variables have the same 

degree of variation

fit = 77.5% fit = 99.31%

𝑝1

𝑝1

𝑝1𝑝1 𝑝1
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[Table 2.5.1]  Algebraic Representation of Covariance Matrix and Correlation Matrix  

Note: 
PCA based on the S in the sensitivity of PCS to the measurement units of variances.
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where

[Table 2.5.3 ] Derivation & Properties of sample PCs based on the Spectral decomposition of  R

Goodness-of-fit :

(2.5.2)

[Table 2.5.2] for S

17



• [Example 2.5.1 ] KLPGA player’s grades (www.klpga.com, 2006)
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[Data  1.3.2] KLPGA player scores (klpga.txt)

British Open: 2013 — Muirfield, Gullane, Scotland

71.83%

18.63%

4.31(71.83%)

0.33(5.46%)

1.12(18.64%)

Putting average, Green  in regulation % , Par save % , Par break % , Scoring average, Prize rate

90.47%
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• [Example 2.5.2] [Data 2.5.1] Skull data(22 man, 18 woman of ancient race Naqada from Egypt)

Head

Face

Index

BL shows the shape of head and classify the pattern of race and people
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76.80%
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General size

Volume

Volume

Ratio of Shape

(44.31%)

(16.78%)

(15.71%)
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• Biplot : Gabriel(1971)

plots of the n observations and p variables in 2-dimensional 
space with providing relationships between them. 

SVD: Singular Value Decomposition

Factorization

Geometric Properties : Choi and Shin(2013, Chapter 1) 

PC scores Matrix: P = YV = UΛ𝑉𝑡𝑉= U Λ = G Λ P   ≅ G

Remark:
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• [Example 2.6.1]5subjects-Pcbiplot

(61.91%)

(18.21%)
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• [Example 2.6.1]5subjects-Pcbiplot• [Example 2.6.1]5subjects-Pcbiplot
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• [Example 2.6.2]  klpga-PCbiplot

Goodness-of-fit
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R-code: PCA and PC Biplot

princomp() Spectral Decomposition of S or R

prcomp() SVD of Y and Z

PCA klpga-PCAfunctions.R
klpga-PCAsteps.R
kull-PCAsvd.R

PC Biplot 5subjects-PCbiplot

R-code list of Chapter 2 Principal Component Analysis
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[R-code 2.5.1] klpga-PCAsteps.R : Spectral Decomposition
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[R-code 2.5.3] skull-PCAsvd.R : Singular Value Decomposition
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[R-code 2.6.1] 5subjects-pcbiplot.R : Biplot based on the SVD
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[R-code 2.7.1] klpga-PCAfunctions.R : princomp(), prcomp()
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