
Multivariate Statistics (I)

5. Cluster Analysis (CA) 
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5.1 Comprehension of CA
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 Geometrical Representations of 3-dimensinal space

5.1 Comprehension of CA

R-Techniques : Analyses based on the matrix of covariance or  correlations between 
variables.                                                                                           PCA/FA/CCA

Q-Techniques : Analyses based on the matrix of distances between
observations. CA/DA/MDS

Students Mechanics Algebra Statistics

Student1 65 85 85

Student2 65 80 90

Student3 30 40 50

Student4 70 83 82

Student5 35 43 52

Student6 72 82 92

Student7 40 43 48

Student8 68 83 82

Student9 25 32 43

Student10 17 51 35

b) p = 3 points in n-spacea) n = 10 points in p-space

Biplot
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5.1 Comprehension of CA

Methods for CA
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: PAM(partitioning around medoids)



5.2 Association measurements

Association measurement :

Quantitative scale for measuring the proximity or closeness   

between  observations or variables.

• For clustering observations of numerical data, the measurements 
are used by some sort of distances(Table 1.5.1).            Dissimilarity

• For clustering observations of binary data, the measurements are 
used by some similarity coefficients(Table 5.2.3).             Similarity

• For clustering variables, they are usually grouped on the basis of 
correlation coefficients or product moment correlation coefficient.

• Similarity

What kind of measurements are used in clustering?
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Similarity or Dissimilarity

Duality



5.2 Association measurements

6

• D1) Distances bt two observations : [Table 1.5.1]
• r th and s th observations:                                                          

• Euclidean distance

• Minkowski distance

• City-block distance
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5.2 Association measurements

• S1) Similarity of two observations of binary variable
• Binary data matrix: 

: the characteristic is present.

: otherwise

[Table 5.2.2] 2 x 2 Association table 

Similarity
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• Simple matching :

• Double matching :

• Roser-Tanimoto :

• Rusell-Rao :

• Jaccard :
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Equal weights for 1-1 matches and 0-0 matches

5.2 Association measurements

Double weights for 1-1 matches and 0-0 matches

Double weights for unmatched pairs

No 0-0 matches in numerator

No 0-0 matches in numerator or denominator

Note : For the single linkage and complete linkage, any choice of the coefficients in red

(or blue) box will produce the same grouping.

[Table 5.2.3] Similarity coefficients for binary data
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[Example 5.2.1]

= (5+1)/10 = 0.6

[Table 5.2.1] Binary data for economic views of two institutes

[Table 5.2.2] 2 x 2 association table

[Example 5.2.2] simple matching 

Total

Total
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[Table 1.3.1] Economic Views Data

simple matching coefficient: 

>

Similarity vs. Dissimilarity

Growth rate ≥ 8.5%

Wage increase rate ≥ 12.5%



5.2 Association Measurements

• S2) Similarity for two variables in binary data

• Product moment correlation coefficient

Variable

Total

Total

Variable

: Chi-square test statistics 
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Ho : Two variables are independent (or not related)



 Product moment correlation coefficient

5.2 Association measurements

[Table 5.2.6] 2 x 2 association table bt two economic views from {Table 1.3.1]

< 3.84 = 𝜒1
2 (0.05)

Not reject 

Total

Total

Growth rates and GNP are not related at 5%
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Growth rate :



5.3 Hierarchical clustering methods – single linkage 

 [Example 5.3.1] Single linkage between 5 individuals and Dendrogram

• [STEP 1]-[STEP 2] Find the distance 
matrix  between 5 individuals.

• [STEP 3] Find the shortest distance of 
two    clusters, calculate their distance, 
and merge the two clusters.

: new  cluster (35)=(UV)

• [STEP 4] New distance matrix 

[STEP 5] Repeat [STEP 3] and [STEP 4]

: new  cluster (135)

=

(135), (24) (13524)
12

Nearest Neighbor Method

: new  cluster (24)



5.3 Hierarchical clustering methods – single linkage 

• [STEP 6] Visually look at the merging of the clusters through the Dendrogram.

OB
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Single Likage Dendrogram

hclust (*, "single")

D

He
ig

ht

[R-code 5.3.1] single linkage and dendrogram(5obsdisit-CAsingle.R)
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5.3 Hierarchical clustering methods – complete linkage

• [STEP 1]-[STEP 2] Find the distance 
matrix   between 5 individuals.

• [STEP 3] Find the shortest distance of 
two    clusters, calculate their distance, 
and merge the two clusters.

: new  cluster (35)=(UV)

• [STEP 4] New distance matrix 

[STEP 5] Repeat [STEP 3] and [STEP  4]

=

: new  cluster (124)

(124), (35)

=

: new  cluster (24)

(12435)
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Farthest Neighbor Method

[Example 5.3.2] Complete linkage between 5 individuals and Dendrogram



5.3 Hierarchical clustering methods - complete linkage

• [STEP 6] Visually look at the merging of the clusters through the Dendrogram.

method=“complete”
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: new  cluster (35)=(UV)

= : new  cluster (24)

= : new  cluster (135)

(135), (24) (13524)
method=“average”

16



5.3 Hierarchical clustering methods –Ward linkage 

Data matrix of kth cluster         :

Min(                      )

Error sum of squares :

Growth /Export/Import/ Black-ink balance/ Foreign debt /Exchange rate/ Unemployed rate /Consumer price rate /Wage increase rate

method=“ward”
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[Example 5.3.4] Ward linkage of institutes in economic views [Table 1.3.5] [R-code 5.3.2]

g



5.3 Hierarchical clustering methods –Ward linkage 

Critical Optimistic Support Pessimistic
Pessimistic  Support Optimistic   Critical

[Figure 5.3.3] (a), (c)

(b) Standardized Euclidean Distance from Z



5.3 Hierarchical clustering methods –Ward linkage 

[Example 5.3.5] Hierarchical CA for KLPGA Data  from [Figure 5.3.4] : [Table 5.3.3]        [R-code 5.3.3]

Characteristics Top ranked players Middle ranked players Lower ranked players 

6

, 8, 9

19

1, 2, 3, 4, 6, 7, 8, 9,
10, 12, 16,

[Data 1.3.2]

31, 40, 41, 48, 50
15, 21, 24, 26, 27, 28, 
29

23, 24, 27, 29



5.4 Non-hierarchical clustering methods

 [Example 5.4.1] K-means method based on the Algorithm [Table 5.4.1]  

[STEP 1 ] Divide n observations into k initial
clusters.

[STEP 2] The centroid of each cluster is calculated
as the average of the observations  
belonging to the cluster.

Coordinates of Centroid : 

-2 0 2 4

-2
-1

0
1

2
3

x1

x
2

A

B

D

C
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5.4 Non-hierarchical clustering methods

 [Example 5.4.1] k-means method 

[STEP 3] From the Euclidean distance bt
centroids and observations, assign the entity
to the cluster with the closest centroid.

[STEP 4] Repeat [STEP 2] – [STEP 3] until no 
more reassignments take place 

A    (A)

B    (CD)  (BCD) 

 (A), (BCD)
21

A is closer to (AB) than to (CD)

B is closer to (CD) than to (AB)

: Not reassigned

:  Reassigned to (CD)

Checking the reassignment of each observation 
in final : Squared distances to cluster centroids



5.4 Non-hierarchical clustering methods

 [Example 5.4.2] K-median method 

[STEP 1 ] Divide n observations into K initial 
clusters :

[STEP 2] The centroid of each cluster is calculated
as the median of the observations in the cluster.

Centre coordinate : 

[STEP 3] After the Euclidean distance, assign
the entity to the cluster with the closest
centroid.

Ref: [Example 5.4.1] –[Step 3]
A    (A), B  (BCD) 

Coordinates of centroid : 

22

[STEP 4] Repeat [STEP 2] – [STEP 3] until 
no more reassignments take place 



5.4 Non-hierarchical clustering methods

X1: Fixed-charge coverage ratio (income/debt)

X2: Rate of return on capital

X3: Cost per KW capacity in place

X4: Annual load factor

X5: Peak KWH demand growth from 197 to 1975

X6: Sales (KWH use per year)

X7: Percent nuclear

X8: Total fuel costs (cents per KWH)

Company
1. Arizona Public Service
2. Boston Edison Co.
3. Central Louisiana Electric Co. 
4. Commonwealth Edison Co. 
5. Consolidated Edison Co. (NY)
6. Florida Power & Light Co. 
7. Hawaiian Electric Co.
8. Idaho Power Co. 
9. Kentucky Utilities Co.

10. Madison Gas & Electric Co.
11. Nevada Power Co. 
12. New England Electric Co.
13. Northern States Power Co. 
14. Oklahoma Gas & Electric Co
15. Pacific Gas & Electric Co
16 Puget Sound Power & Light Co.
17. San Diego Gas & Electric Co. .
18. The Southern Co. 
19. Texas Utilities Co.
20. Wisconsin Electric Power Co. 
21. United Illuminating Co. 
22. Virginia Electric & Power Co.

 [Example 5.4.4] Public Utility  Data in [Data 5.3.1]

𝐶1

𝐶2

𝐶3

𝐶4

[R-code 5.4.1]

23

K-means
[R-code 5.3.4]
Ward linkage

[Figure 5.3.5] 
Dendrogram

C3      C4



5.4 Non-hierarchical clustering methods

Company
1. Arizona Public Service
2. Boston Edison Co.
3. Central Louisiana Electric Co. 
4. Commonwealth Edison Co. 
5. Consolidated Edison Co. (NY)
6. Florida Power & Light Co. 
7. Hawaiian Electric Co.
8. Idaho Power Co. 
9. Kentucky Utilities Co.

10. Madison Gas & Electric Co.
11. Nevada Power Co. 
12. New England Electric Co.
13. Northern States Power Co. 
14. Oklahoma Gas & Electric Co
15. Pacific Gas & Electric Co
16 Puget Sound Power & Light Co.
17. San Diego Gas & Electric Co. .
18. The Southern Co. 
19. Texas Utilities Co.
20. Wisconsin Electric Power Co. 
21. United Illuminating Co. 
22. Virginia Electric & Power Co.

 [Example 5.4.4] Geographical Locations of Utility Companies 

San Diego

Boston

𝐶2

𝐶3

𝐶1

Pacific GE

𝐶4

New England
Northern States PC.

Puget Sound PL

X1: Fixed-charge coverage ratio (income/debt), X2: Rate of return on capital, X3: Cost per KW capacity in place,

X4: Annual load factor, X5: Peak KWH demand growth from 197 to 1975,  X6: Sales (KWH use per year),   

X7: Percent nuclear, X8: Total fuel costs (cents per KWH)

Commonwealth

Consolidated

24

Midwest UtilitiesNorthern west Utilities

Southern Utilities
Western Seaboard 

Eastern Seaboard



5.4 Non-hierarchical clustering methods

X1: Fixed-charge coverage ratio (income/debt)

X2: Rate of return on capital

X3: Cost per KW capacity in place

X4: Annual load factor

X5: Peak KWH demand growth from 197 to 1975

X6: Sales (KWH use per year)

X7: Percent nuclear

X8: Total fuel costs (cents per KWH)
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높은연부하율

[Table 5.4.3] Mean of  Variables for 4 Clusters : [R-code 5.4.1] aggregate()  



 [Example 5.4.5] Economic  View Data in [Data 1.3.5]

5.4 Non-hierarchical clustering methods

 [Table 5.4.4] Mean of  10 Variables for 4 Clusters
Growth /Export/Import/ Black-ink balance/ Foreign debt /Exchange rate/ Unemployed rate /Consumer price rate /Wage increase rate

Optimistic- Support

Pessimistic

Critical

Critical

[R-code 5.4.2]

26

Ward linkage

K-means

C1 C2 C3 C4

C1

C2

C3 C4



5.5 Numbers of Clusters
 [Example 5.5.1] Utility Data : initial number  k of clusters in K-means

Slope  drops  very 
sharply after k

Slope  increases 
very sharply after 
k

Max CCC
k

27



5.5 Numbers of Clusters
 [Result 5.5.1] [R-code 5.5.1](utility-CAnclusterindex.R) : option index = “all ”



28

26 Indices



5.5 Numbers of Clusters
 [Example 5.5.2] Iris  flower data in [Data 1.3.4] 
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*************************************************
* Among all indices:                                                
* 2 proposed 2 as the best number of clusters 
* 15 proposed 3 as the best number of clusters 
* 5 proposed 4 as the best number of clusters 
* 1 proposed 6 as the best number of clusters 
* 1 proposed 8 as the best number of clusters 
* 3 proposed 10 as the best number of clusters 

***** Conclusion *****                            

* According to the majority rule, the best number of clusters is  3 

*************************************************

Table 5.5.1] clusters of 3-means method

APER3 = (2 + 14 + 0)/150 x 100% = 10.67%  

29

[R-code 5.5.2] complete linkage



R-Code: CA(Hierarchical, Nonhierarchical, Statistical model) and Number of clusters

hcluster(, method=“single”)
method=“complete”/”average”/”ward”

Hierarchical CA

kmeans(), aggregate()
library(cluster),

pam()

Non-hierarchical CA
- k-means method
- K-median method
- K-medoids(partitioning around)

method

library(NbClust), 
NbClust(, index=“all”

CCC(cubic clustering criterion), Dindex
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R-code list of Chapter 3 Cluster Analysis
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[R-code 5.3.3] klpga-CAamlinkages.R based on the  Hierarchical Methods 
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[R-code 5.4.1] utility-CAKmeansKmedoids.R based on the Non-hierarchical Methods
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