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1. Multivariate Data Analysis (MDA)
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1.1 Multivariate data analysis

0:0 [1] Descriptive Statistics
[Example 1.1.1] 3 subjects’ marks of 10 students Mechanics ~ Algebra Statistics
Min. :17.00 Min. :32.00 Min. :35.00
. Ist Qu. :31.25 Tst Qu .:43.00  1st Qu. :48.50
[Table 1.1.1] (3subjects.txt) Median :52.50 Median :65.50  Median :67.00
Mean :48.70 Mean :62.20 Mean :65.90
Students  Mechanics Algebra Statistics 3rd Qu. :67.25  3rd Qu. :82.75  3rd Qu. :84.25
Max. :72.00 Max. :85.00 Max. :92.00
Student1 65 85 85
Student?2 65 80 90 [2] Covariance Matrix [3] Correlation Matrix
Student3 | 30 40 50 | Mechanics Algebra Statistics Mechanics Algebra Statistics
Mechanics 453.3444 431.5111 459.0778 Mechanics 1.0000000 0.9206110 0.9761501
Student4 70 83 82
Algebra 431.5111 484.6222 450.2444 Algebra 0.9206110 1.0000000 0.9259578
Student5 35 43 52 | Statistics ~ 459.0778 450.2444 487.8778 Statistics ~ 0.9761501 0.9259578 1.0000000
Studentb 72 82 92
Student7 |4O 43 48 | » 0w 00w —
Students 68 83 82 e o
Mechanics Lo
Student9 |25 32 43 | —
Student10 l17 51 35 | g w
£
[5] Stem-and- Leaf Plot -1 Algeba g |
017 o2 25 . i
2 | 505 4 | 0331 4| 3802 :
4 I 0 6 | 6 I Statistics ; 20 '
6 | 55802 8 | 02335 8 | 22502 - S | I < Mecharics e sttstcs
20 30 40 50 60 70 40 50 60 70 80 90 3 SUh'EE

Mechanics Algebra Statistics [4] Multiple Scatter Plot [5] Box Plot °




1.1 Multivariate data analysis -

o2
Students Mechanics Algebra Statistics : : ' e, # : { " e
Student1 65 85 85 A (/_5;\)
Student? 65 80 90 Nl \f %
Student3 30 40 50 N
Student4 70 83 82 | '(/ *"\
Student5 35 43 52 \¥ 4 ] e »
Student6 72 82 92 '
Student7 40 43 48
Student8 68 83 82 o | o
Student9 o5 32 43 —
Student10 17 51 35 a) n= 10 points in p—space b) p = 3 points in n—-space

# Observations in Variables Space

[R-code 1.1.2] 3subjects-3d.R lim<-c(0, 100)

plot3d(X[, 1], X[,2], X[3]l.xlim=lim, ylim=Ilim, zlim=Ilim,
Datal.l.l<-read.table("3subjects.txt”, header=T) | xlab="Mechanics", ylab="Algebra”, zlab="Statistics")
X<-Datalll text3d(X[1], X[2], X[,3],rownames(X))

library(rgl) # Variables in Observations Space
plot3d(X[1,], X[2,]1, X[3.], xlim=lim, ylim=lim, zlim=Ilim,

xlab="Studentl”, ylab="Student2", zlab:“StudengB“]
text3d(X[1,], X[2,], X[3,], coelnames(X))




1.2 Types of multivariate analysis techniques #

* Definition of

* A collection of techniques dealing with data containing
observations on two or more variables.

contain the n observations and p variables

<»Techniques based on the geometrical ideas

v R-Techniques : Analyses based on the matrix of covariance or
correlations between variables.
- PCA/FA/ Biplot

v Q-Techniques : Analyses based on the matrix of distances between
observations.
- CA/DA/ /SCA/MCA/Biplot

v" V-Techniques : Visualization techniques based on

among :
- Biplot/SCA/MCA/ /Stars Plot/Mosaic Plot




1.3 Introduction and visualization of multivariate data

A

* [Data 1.3.1] (Mardia et al., 1979, pp. 3-4)
Closed—book Open-book e B Y
Mechanics %@ﬁ D‘;{%@‘?; i
Student Mechanicslc) Vectors(c) Algebralo) Analysis(o) Statistics(o) . S5F k2 B
1 77 82 67 67 81 o . Kb
2 53 78 30 70 81 || Ve el
3 7o 73 71 66 81 o
4 55 Tz 63 70 §73] ﬁ?’ [ g
5 B3 B3 Bo 70 B3 f’?ew o
E R ﬁms@gg
87 5 26 15 20 20 i
828 0 40 21 e 14 g 2o o
80 || L et || sg i3 e
B~ T T SR || ||
3 Datal.3.1<-read.table("5subjects.txt”, header=T)
[R_Code 131] X<-Datal.3.1[, -1]
o | | S5subjects-boxsctter.R|# Multiple Scatter Plot
’ | plot(X)
: T . . # Box Plot
. . | i Questions: i
' . ° B . How to combine or average these marks?
I . Relationship between open—-book and closed—-book ?
Mechanics Vectors Algebra Analysis Statistics Applicat|ons . PC A / FA 8




1.3 Introduction and visualization of multivariate data

 [Data 1.3.2] (www.klpga.com, 2006) [R-code 1.3.2] klpga-boxscatter.R
Putting average, Green in regulation % , Par save % , Par break % , Scoring average, Prize rate Datal.3.2<-read.table("klpga.txt”, header=T)
A4 BREES JuEsE SMCEE [HEmoEE  BFES | A== X<-Datal.3.2[, -1]
= 3¢ BE BF BE BE BT | # Descriptve Stausics
3 31.33 79,53 BB.BE 15 2k 70,53 5.4 summary(X)
1 0L 7032 B7.E5 2130 7047 EDE
W omm o B uh o BB #1 |4 covanance Maux
7 3106 7T BE.EE 15 B2 71l 305 cov(X)
T
10 31,01 7828 B7.71 15.32 .73 197 # Correlation Matrix
. cor(X)
16 30,75 53,07 78,58 11,75 7.0 b5 S olbsls sosmas lnd
S ERomom omoon ee
19 32,50 71.35 713 12.57 7d. b b # Boxplot of 3 Subjects
50 3107 BR.7E BD.3E 11,88 73,38 5.1 boxplot(X)
‘:I : -1 - - I.: I‘ 111 - _|_+.. +- B
, I S . E e
5 [ ‘5%1 ..':'::-?..- j‘;t:*; -++1 ] ‘:'_;.;_?:’. ., . :; = o
S I I A L #- - ==
g s * i " v e i —
. 4 ol 4 ., [ :
% :*;!‘+ mHOEE 2E . o + :f 2 - — s
i [ E 3 | R 5 o
* - + ~ . : Applications :
EE I + . o L "
=] .‘..-{J-"' +"': ir_l:‘ memEaE :";‘. . g 4 a
o1 e e L o ‘hl? /CA/DCT
% By [ f: B . tg - == ’
IO T L S | N | S SO a -
- ’ ] -t F =7 —— i
E —
E' L"- " > " . . * ." " oHE T T T T T _:_
°.,.tlpi}.;.,; Losald , .'.." : . * | : :""H-u- BEENS O@ESE DMIZE LEAN3E Rags 4358 9
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* [Data 1.3.4]

X1
X2
X3:

1.3 Introduction and visualization of mult

— Ask to which species a new iris of
— How to find the criteria for classifying?

unknown species belongs ?

X4:
Questions




1.3 Introduction and visualization of multivariate data

* Multiple Scatter Plot and Box Plot for
[R-code 1.3.4] irisflower-boxscatter.R

Datal.2. 4 <-read._table(irisflower.txt”, header=T)
N<-Datal.3.4[, -1]

# Box Plot
parimfrow=c(2, 2))

boxplot(ZZ2r Al Z1 0| ~group, data=X, xlab="52Z =S &", wlab="X1: ZEZ2rEl ZI10|")
boxplot(Z2 2 El = - group, data=X, xlab="=22 ==, wylab="X2: ZZgrx] =")
boxplot(Z2 21 21 0| ~group, data=X, xlab="=2=2 =S5=", wlab="X3: Z&2 21 Z!0|"™)
boxplot(Z32 & = —~group, data=X, xlab="=2=2% =S5&", wvlab="X4: =< =")

#F Multiple Scatter Plot
plot(X[, 1:4], pch=unclass(X[, 5]), col=1:3)
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1.3 Introduction and visualization of multivariate data

+* [Data 1.3.5]

Growth/GNP/Export/Import/ Black-ink balance/

7|2 Mxm | oGNP | 22 a0 A | 9% | oY Aot Al | 42 .
2 J88 T8 | 2 | = | am | ms | ¥¥8| =54 | u»  Foreign debt /Exchange rate/ Unemployed rate
shoal 82 | 1950 | 608 | 650 | 98 | 280 | 630 | 30 | 57 | 120 /Consumer price rate /Wage increase rate
tfo= 9.5 | 2100 | 710 | 620 | 110 | 270 | 640 | 2.7 | 45 | 120
A=A 9.0 | 2000 | 690 | 630 | 100 | 200 | 630 | 2.6 | 60 | 120
A4 78 | 1850 | 668 | 660 | 88 | 280 | 620 | 3.0 | 64 | 138
ojokAREsle)4 | 85 | 1928 | 710 | 670 | 90 | 290 | 620 | 3.0 | 60 | 10.0 7 2100 810 650 =0 290 26 34 0 13 16
L1l LiLL L] 1Ll 11 INNNNE] L1l 11l
F47]19%%38] | 9.0 | 1958 | 710 | 615 | 95 | 280 | 603 | 40 | 60 | 100 A e[ =1 [ 4k - |F ][ t2
) ApE} 8.5 | 1900 | 700 | 610 | 100 | 250 | 620 | 32 | 55 | 140 .}” | Pee {Pg ° ‘; [ ez E 1l s qbe-Fo
kg Eak 80 | 1900 | 700 | 640 | 100 | 280 | 640 | 2.7 | 55 | 100 2 : E— —— i
A7 85 | 1950 | 700 | 620 | 120 | 300 | 630 | 2.7 | 70 | 120 gt Bge | (8.0 { baf o | 38q Poab F ] ah
=7 3 M Ll ] Pa v E I & Ap a
oA A | 7.9 | 1900 | 697 | 645 | 95 | 280 | 610 | 29 | 68 | 15.0 5—'_ . ﬁ; £ : - !
AgkEgrelt4 | 9.0 | 2030 | 700 | 620 | 100 | 275 | 630 | 3.0 | 7.0 | 13.0 - - - - - - - -
EA AN A | 85 | 1950 | 690 | 630 | 90 | 290 | 630 | 29 | 60 | 120 et 37 | el (o] PRoee | P e pobaq [«Feq B- | S Fimf"
k= { =it 99 | 1870 | 729 | 649 | 123 | 260 | 616 | 34 | 61 | 158 - =l & = - - = -—FZ
Zolrfsta 85 | 1700 | 700 | 630 | 90 | 260 | 620 | 40 | 60 | 140 g3 (% |f g | fe d g | [ere] 3o AN
Tas b en Bo =B s = s @ e Fa 9 s | Fea
oo 2= L ay efeel | Ten g ed o b o | %
© E] i) [ Ol o E T T 4 ] F o
L‘“x g | | op, | pon TR R | Loceq g w g g e F T
k] L] b O&& i S =9 B o 9 B B & 8 - R
Brg || o) bous | [ome] P, | [uoue| poi5d b3 4| w2en] f 2o
S_ 3 - 4 P" E 4 L P" : L "" :‘
- - - - - — g
L Ll L) L - L] ey oo - q L L} |- =
a 4 F % Poeal P o = bg == PR oo, men 3 L =
F - F" in - a L4 : o "P U—E
-t r 5 tE o ® e - o q
g L] E ﬁa bg:: [ :é: tu‘t#! --N-] u“ﬁ-!n ° : ﬁ'- B u,.#*: : :ﬁa“
B G [ -4 "l:“ ,n" = t v ':ru ""'nn_
sl e pa e R S b ] e pERES
. - - L - 9
T i [ [ 0 T[T = o o o
3= U I B I I S T I S B L N I N A
T Jeman oo 4 oEo 8 a & oo aead ed jpo b e d [FEE=
2 it 25— ananihes B I o T
BED 45 &M Tl 90 110 &0 520 45 60

Size of shape: small(pessimistic) vs large(optimistic)




1.3 Introduction and visualization of multivariate data

+» [Data 1.3.5]

Optimistic e

Pessimistic

T T T T T T 1 T T T T T T T 1
po=N By =A =M= k-1 AftEIHEA IZLHTHA NOAD=T WEEd H44 OFAEHAFL ’LI";E‘P":ﬁ mASEEHTL | EFR D EEdea

Datal.32.5 < -read._ table("economicview. . txt”, header=T)

HK=-Datal 3.5[, -1]
ultiple catter lo . .
e [R-code 1.3.5] economicview-starscatterparcoord.R

#F# Star Plot

M =—scalefas.matrix(2<[, <(1,2.2.531))
rowvwwnames{(>X)=-Datal.2.5[, 1]
stars( , key. loc=c(8,2), full = FALSE)

# Parallel Coordinate Plot

library(g<lus)
= 1 wvar label=F,_._.)

parcoordlabel < -function(x, cal = 1, Ity .
1
r»x <-—-lapply(>, range, nmna.rrm = TRUE)
matplot{(ll:ncol(x), tixx), twpe = "I7 col = col, Ity = Lnrow (<), hwd=1.5,
xlab = ", wlab = "7, awxes = FALSE,
wlirm=c({-<, 4A), xlirm=c(l, nrow ), ...)
axis{(dl, at = 1l1lL:ncol(x), labels = colnames(>))

legend("top"™, horiz=F, legend=colmnames(), Ity =>lnrow (),
col=1, cex=0.28, hwd=1.5)
for (i imn LL:rncol{(>))
imnvisible O
¥
windows{height=5, width=12) 13
parcoordlakbel (t(2<))




1.4 Matrix representation and descriptive statistics of multivariate

83

e A

< Representation 65 85 85
. 65 S0 90
v ' n X p data matrix 30 40 30
70 83 82
Lyp-- Lyj-e Ty X= ;2 j}; Eﬁ
. - = "~ 10x3 Data Matrix from
e 40 43 48| [Data1.1.1]
63 83 82
V= |y -~ Ty Ty |=(25). i=1 n: j=1 p 25 32 43
: 17 51 35
Lni Iﬂ_j . ax np \ -Ifi-
v Centred data matrix : Y =X —2JX =HX | x =|a|=[z4). ... 5 .. ()]
n . 1) g (p)
v’ Standardized data matrix : Z = HXDS_”2 I}

] = Square matrix with all elements 1, [ = unit matrix

where H =1 —%] . centring matrix and symmetric idempotent I

1;&

= diag(\/S11+ s \/5 pp : SD matrix

Representation of Data in Space:

E{_Eﬂ_\)p, i=1..... n

I{ij Rﬂ._ j= 1. ....

14



1.4 Matrix representation and descriptive statistics of multivariate data
. &S

1) Sample Summary Statistics
- (Sample) mean vector |z = [zy...7j-.3,] =

- (Sample variance-) covariance matrix

-311 312 P Slj... Slp-
Sy -- S2j--- Sop
Sjj et 8;
(h)
SW
_ o _ ]. Zﬂlj _]'—:I
5~ S T H—l.i:l(;r”_ L

- Algebraic relationship :

15




1.4 Matrix representation and descriptive statistics of multivariate data .

- Correlation matrix Yi) = Wip oo Yng)' = @y = 2o 2= 2y) G=1 s p
3= ey~ ) |
T B ff
O costy, = LMD
CED) ' 1 o ) \/igh‘m—r_klz \/éll(zg—x_j)?

- Algebraic_relationship ;

R = D V25D Yiwhere D7 YV2= (DY), DY? = diag(\/syg- ... \/ Spp ) standard deviation matrix
1
n—1

(squared root matrisx)

R = VA

Note :

The measurement units of variables are different or some variables have widely
differing variances => correlation matrix A

16



1.4 Matrix representation and descriptive statistics of multivariate data
Yy

= = fz.ﬁ-..

- Measures for from the

. = |S| or|R|
 total variance = tr(S) = s11+ -+ Spp, or tr(R)

Notes:

* Large values indicate a high degree of scatter about and low
values represent concentration about

|S|=0 : collinearity among variables

|R|=0: correlation among variables

|S| or |R]| plays an important role in MILE/FA(Sec 3.4 MLFA)/DCT

tr(S) or tr(R) is a useful concept in PCA(Sec 2.4)/FA(Sec 3.4) : goodness-of-fit

17



1.4 Matrix representation and descriptive statistics of multivariate data

»

 [Example 1.4.1] S and R for examination marks on 3 subjects
x= (48.70, 62.20, 65.90)
* Results of [R-code 1.4.1] 3subjects-covcorr.R
A=zdd X So= AisgE vV HEs X238 2

Mechanics Algebra Statistic Mechanics Algebra Statistics Mechanics  Algebra Statistics
1 65 85 85 [1] 16.3 228 19.1 | [L] 07655498 1.0356981 0.8047247
2 65 280 a0 [2.] 163 17.8 241 |/[2] 07655498 0.8085713 1.0910924
3 30 40 50 [3] -187 -22.2 -15.9 J/[3] -0.5782688 -1.0084429 -0.7198493
4 70 a3 82 [4.] 213 208 161 |/ [4] 1.0003810 0.9448474 0.7289040
5 35 43 52 [5] -13.7 -19.2 -13.9 |/[5] -0.6434376 -0.8721668 -0.6293022
4] 72 82 92 [E.] 233 19.8 261 |/[e] 1.0943135 0.8994220 1.1816395
7 40 43 48 [7] -8.7 -19.2 -17.9 ) [7] -04086063 -0.8721668 -0.8103%964
8 68 a3 82 [8] 133 20.8 lel |/[8] 09064486 0.9448474 0.72839040
9 25 32 43 9] -23.7 -30.2 -229 |[8] -11131000 -1.3718457 -1.0367641
10 17 R 35 ol 317 =112 =309 Mo _-14888300 -0.5087640 -1.3989525

S=ofdd 5 SEdlE AR

Mechanies Algebra  Statisties Mechanics Algebra  Statistics

Mechanies 453.3444  431.5111 459.0778 |Mechanics 1.0000000 0.9206110 0.9761501

Algebra  431.5111 484.6222 450.2444 || Algebra 0.9206110 1.0000000 0.9259578

Statisties  459.0778 450.2444 487.8778 || Statistiecs 0.9761501 0.9259578 1.0000000

HEEEE
LtEhEAt [51=690375.8 ARk | R | =0.006440846
ZFHAE tr(8) =1425.844 FiiE tr(R) =3

18




1.4 Matrix representation and descriptive statistics of muItiva'riate data ‘

L -

iris setosa iris versicolor iris V|rginica

[Example 1.4.2] S and R for iris flower data

* Results of [R-code 1.4.2] irisflower-covcorr.R

petal sepal petal sepal petal sepal

g R 15| tr(S) |R| tr(R)

0.124 0099 0016 0010 | 1.000 0.743 0267 0.278
0.099 0144 0012 0009 | 0.743 1000 0178 0233
sefosa | n'n1g 0012 0030 0006 | 0267 0178 1000 0332 |0-000002 0309204 0353359 4.000000
0.010 0.009 0006 0011 | 0.278 0.233 0332 1000

0.2e6 0.085 0133 0056 | 1.000 0526 0754 0546

o 0.085 0.098 0083 0041 | 0526 L0000 0561 0664 .

0.056 0041 0073 0039 | 0.546 0.664 0.787 1.000

0404 0.0%4 0303 0049 | 1.000 0457 0864 0281

o 0094 0104 0071 0048 | 0457 L0000 0401 0538 .

0.043 0048 0049 0075 | 0281 0538 0322 1.000

1) Size of variances : The higher variances, the higher |S| or tr(S)

2) Size of correlations : The higher correlations, the lower |R|; tr(R)=4

19




1.5 Multivariate data distance x —|a

(1) Euclidean

P 1/2
d-r’s :||$r_$s||: [(x-r_ms)t(mr_xs)]l/QZ [Z(x?"j o xsj)g ]

(2) Weighted Euclidean

‘ 1/2
/2
d,,= llz, —x.l, (x, x,)D,(x, x,)]" "= [ w;(z,; — z,,;)° ]

w -

(3) Normalized Eucliean

dm: er 71;3”175_1 - [(mf’ia’,s )tDS_ l(m-rxs)]l/zz [

(4) Mahalanobis 1/2
d-rs — er o 353”5_1 — [(:Er — L )tS_ l(x-r’ 2 )]

(5) City-Block b
d-rs — ’Z|x-rj o xsj|
Jg=1
(6) Minkowski . 1/m
d‘?’g [i:wjxrj - ﬂ:sj‘m s m =1
=1
Hermann Minkowski (1864—1909): Russian mathematician & ool i

His former student Albert Einstein's special theory of relativity (1905) could be understood geometrically as a theory of four-dimensional space—time since known
as the "Minkowski spacetime".. 20



1.5 Multivariate data distance

 [Example 1.5.1][DATA 1.1.1]
Result of [R-code 1.5.1] 3subjects-distances.R

Datal.1.1 =-read.table("3subjects.txt", header=T) P ———

X<=-as.matrix(Datal.1.1) je_r::? 3!5':{;{—' En!ﬁethc:d="euc|idean"}

N =<-nrow(x) i _ round{de, 3)

wbhar=-t>%*2matrix{1,n, 1)/n ¥ = =l H

I<-diag(n) # mES f221=72

J=-matrix(1.n.n) ds =- dist(Z, method="euclidean")

H=-1-1/n*J # ==t = round(ds, 3)

Vo - HIE*26X # Sodz A==

S<=-t(Y)2%* %Y/ (n-1) # S =4t # Orstetcdg| 272

D <-diag{1/sqrt{diag(S))) # ETEHARZEZC Y library(biotools)

£ ==-Y%*%D # ETTRIEHE dm=-D2.dist(, S)

colnames{Z)<=-colnames{>) round (sqrt{dm), 3)

# 2Z20)1=H2) # AlE|lE=HAH2

de =- dist, method="euclidean™ dc <- dist(¥, method="manhattan™)

round{de, 3) round{dc, 3)

Euclidean distance ¥ — 2, = (65— 65, 85—80, 85—90)" = (0, 5, —5)
1 2z 3 4 5 6 7 8 9 1

2 7.071 1/2

3 66.895 66.521 — _ t _

4 6164 9.899 66.880 do= (@ = 22)" (&)~ 22)

L 61.267 60934 6.164 61.033 £11/2

6 10.344 7.550 72746 10247 67.007 = [(0. 5. —5)(0. 5. —5)f]

7 61.303 61.303 10.630 60465 6403 66.940

g 4.690 9055 65704 2.000 59908 10.817 59.498 — [02 + 52 + {— 5)2] 1/2 =7.071

9 78.568 78.186 11.747 78403 17.378 84.321 19.261 7/.272

10 77.201 78.549 22.694 77.730 26.019 85.059 27604 76.381 22113

21




1.6 Multivariate normal distribution and its useful properties l

e Univariate Distributions vs.

Univariate Multivariate

Normal dist. Multivariate normal dist.
Chi—square dist. Wishart dist.

t—dist. Hotelling’s T 2 dist.
F—dist. Wilks™ A dist.

Harold Hotelling(September 29, 1895 — December 26, 1973) was an American mathematical statistician
and an influential economic theorist, Hotelling's T-squared distribution in statistics. He also developed and ‘
named the principal component analysis method widely used.

John Wishart(28 November 1898 — 14 July 1956) was a Scottish mathematician and agricultural statistician.
worked successively at University College London with Karl Pearson, at Rothamsted Experimental Station with Ronald
Fisher. He first formulated the Wishart distribution in his honour, in 1928 .

e Univariate normal distribution : X ~AN(x. o)

]

: 1 1 (rx—pu )
f[i’]:q—ﬁxp{—?(aﬂ_’u)}. — oo < 7 < oo
=TT

/]

Samuel Stanley Wilks (June 17, 1906 — March 7, 1964) was an American mathematician and academic who played an important
role in the development of mathematical statistics. He provided Wilks’ Theorem in the theory of likelihood ratio tests, where he
showed the distribution of log likelihood ratios is asymptotically x 2 . 22



1.6 Multivariate normal distribution and its useful properties '

i .

* Multivariate Normal Distribution: V,(u, )

&)= [ |~ 3 WS )

Likelihood function : z(u, ») = f[f(xi)
i=1

l~..l|l—*

1
- S ex
(Vem)e|z 72 P

(_%2(@_#)’2_1(-’55—#)

+* Bivariate Normal Distribution: ,(u. =)

1

floy x2)=
2m \/911522{1_ p12)

Kexp{— 1 [(11_»“1 2+ Jz‘#z] —2p (.1‘1—;.51] Iz‘#z”}
: =P12
2(1— pio) V11 Ta2 V 711 Ta2

23



1.6 Multivariate normal distribution and its useful properties

. I -
Deriving N, (u, ) from N, (u, X)
L— {Il"' ;112 ,}r -~ J‘hé{,urﬁ E}

Jd11 ‘1712]

with u= (u, ,ugf and Y= [ .
’ Uay o
T12 : ..
P1a — - . correlation coefficient

V011 \/ Ooan

vV | — -
|| = T11025 — T19031 — ‘511‘5722'[ :012]'

ol 1 | 0y —0y
T |—0p2 0y
1 T22 TPy O VOx

T110 29 (1- ﬂln — P2y 01 VO 711

(z—p) ' T Ho—p) =[x, — 1y &2~ o)

’311”22(1 prz)
. Tae P2V T VO [Il _H-ll
TPy Oy VO d11 Lo~ 2
. 2 s . . .
1 [IL_M +[I2_H-E] 2 '»1-'1_##1][ Iz_ﬁ-z]]
=M1z
Vi Taz | \ V11 Ta22 | 24
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1.6 Multivariate normal distribution and its useful properties

[R-code 1.6.1] in P‘

* Bivariate normal distribution = (0.0, 0.0)"

‘ )
“\\\“\
t’uwo“ I

o §
A )
/'[I"".

».*

. WV

iy LA
7 AUONORRY
OO

O
N 0’.”.‘0
RN

(@) 0y =09 =1 pp =00 (b) 0, =04, =1, p;, =038 (¢) 0, =09 =1, pp= —0.8

* Contour of normal distribution {z : 2z’ >~z = ¢2}: Ellipsoid

@ 2 4 @ -
@ o, =095 =1, p,=00(®) o, =0,, =1, p;, =08 (¢) 0y =09 =1, p,= —038

25



1.7 Wishart W-dist and Hotelling’s T >-dist

-y

Karl Pearson(27 March 1857 — 27 April 1936) :

* Chi-square dist. and Wishart dist. English mathematician and biostatistician

B Chi-square distribution in the univariate case

g x; — i g
- p: ]._. :I,-‘l:---: ﬂ‘_’,‘n - lld 41\';_(.1’_1,: G_Qj — zl - ET _.?-: 1:---: T, - “.d J.WT(D: 1)
2
1 e 1l (:cl—u-) 2
= i 2 - Xn
i=1 i=1 a

n
= w = E(xi—u-jzmcr?xi
i=1

T
Usging % instead of p = w = E(xi—gjz -(n—1)s> ~ szﬁr:’i—l
i=1

B “Vizhart distribution in the multivariate case

Friedrich Robert Helmert (July 31, 1843 — June 15, 1917):
German geodesist

Let 1:1 — (xll:...:xlp)r:---: x]_ - (xil:oo.:xipjr:"': xn_ - (xnl:...:xnpjrm JW;(“: Z)
n v
W= (z;—p)z;—pn) ~ W,(n,X) : Wishart distribution with 72 df
i=1
— n JR— —_— r
Using « instead of u = W= (z—z)z—z) =n—1)§=1V —~ W,(n—1, )
i=1

This distribution known as the Helmert distribution was first described by the German statistician Friedrich Robert Helmert in 1875-6. This was independently
rediscovered by the English mathematician Karl Pearson in goodness of fit, for which he developed his chi-squared test, published in 1900 with computed table.2



1.7 Wishart W-dist and Hotelling’s T > -dist

. 2 . William Sealy Gosset (13 June 1876 — 16 October 1937) was an English

° t'dISt- and T 'd ISt- statistician. He published under the pen name Student, and developed
the Student's t-distribution. Guinness prohibited its employees from
publishing any papers regardless of the contained information.

e t-distribution in the univariate case

13 L (7Y P el 'R
?; Z Ir;— 1 5/\@ (n—1)

L

e

T :m:ﬂ{g_ﬂ](ﬁ?) xX —,u)

e T 2-distribution in the multivariate case

T =nlz —p S Yz —p) ~ Tzin—lj—%fﬁn—p

Note : p=1:F = _le(m)

-t ~tlm) = t~F ,~ 177 (m)

27



1.8 Testing multivariate normality

¢ Steps for Chl'qu"'e pIOt Prasanta Chandra Mahalanobis (29 June 1893 — 28 June 1972)

an Indian scientist and applied statistician

Mahalanobis distance: | m; = (z;—z)'S 'z, —z). i=1. ... n

[Step 1] Order the Mahalanobis distances from smallest to largest as

- - o2
M) =Mg) = 77 =My

[Step 2] Calculate the IDD(-;'—%

/n, i=1. ... n percentile 4. of chi-square

distribution with p d.f.

[Step 3] Plot the pairs (. -m'f_:-_]). i=1,...n

[Step 4] Check the straightness of plot.

28



[Examplel.8.1] Normality test: Chissquare Plot

>

mn
_Z:l(q(?(i) — q)(mi,) — m)
=

TQ_

3T ey — @7 4 D3 GmEy — )

i =1 i=1

Ordered Squared Distance

ro=0.9863187
(a) Setosa

Omdered Squared Distance

12

10

ro=0.9943037
(b) Versicolor

Ordered Squared Distance

14

12

10

ro=0.9927457

(c) Virgmica

[Figure 1.8.1] Chi-square plot and correlation coefficient of iris data
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Test for correlation coefficient of Chi-square Plot ‘

library(MVET) : developed by Choi and Choi(2024) in R

data(iris)
setosa =iris[1:50, 1:4] # Iris data only for setosa
# versicolor = iris[51:100, 1:4] # Iris data only for versicolor
# virginica = iris[101:150, 1:4] # Iris data only for virginica R-code: iris-PPCCtest.R

#PPCC(Probability Plot Correlation Coefficient) Test
library(MVET)
PPCCtest(setosa, level=0.05)

> PPCCtest(setosa, level=0.05) Cnrsauare aapd
Sdata.cnt T A
[1] 50 ./

SPPCC.value ' yd
[1] 0.9863 |

Scritical.value
0.05
48 0.9761

Squared M ahalanobis Distance
~N

Stest.res 251 g
[1] "0.9863 > 0.9761 : Accept Normality at level = 0.05"

SQQPlot B 30

i Chi-Square Quantile




[Examplel.8.2] Normality test : Multivariate Skewness & Kurtosis

Kantilal Vardichand Mardia (born 1935) : Indian statistician specializing in multivariate analysis and statisticaﬁ e an

. —\t v — 1L — -
m_rs—(xr—x)b (.’BS—.’B), o s — 1. ..., 1
o 1 T T 3 6 2
blp - 2 Z ZTH'-:-S = ZX(;D(IJ—F— 1)(p+2)/6)
T = 1ls = 1
1 <N - ( 8p(p+2))
o = — 2 ~ NI + 1),
bs, o 2T p(p ) -
1 7L 7L 6
T < 20 bl[) - 2 Z Tr”?'.s — nk X%p(p—l— 1)(p+2)/6)
% r=1Fs=—i1
k=(p+1)n+1)n+3)/(nln+1)p+1)—6)

[R-code 1.8.2](iris-MVNtest.R)

data(iris)

setosa = iris[1:50, 1:4]
#versicolor = iris[51:100, 1:4]
#virginica = iris[101:150, 1:4]

multivariatePlot ="qq " : Q-Q plot

# Mardia test : Multivariate Skewness & Kurtosis
library(MVN)

mvn(setosa, mvnTest="mardia")

> mvn (setosa, mvnIest="mardia"™)

SmultivariateNormality

#mvn(versicolor, mvnTest="mardia") Test statistic p value Result
#mvn(virginica,mvnTest="mardia") 1 Mardia Skewness 25.6643445196298 0.177185884467652 YES
2 Mardia Kurtosis 1.29499223711605 0.195322907441935 YES
3 MVN <NA> <NA> YES

> T




Mardia test : Package MVET

[R-code]( iris-mardiatest-MVET.R) — -
Smult.nomality
.. Test Statistics P.Value Test.result
dataUrBX . 1 Skewness 24.155076 0.2356838 Accept
setosa = iris[1:50, 1:4] 2 Kurtosis 0.758712 0.4480251 Accept
#versicolor = iris[51:100, 1:4] 3 MVN Test NA NA Accept
#virginica = iris[101:150, 1:4]
Smodified.mvn
Test Statistics P.Value Test.result
: 1 Skewness 24.155076 0.2356838 Accept
# Mardia test : package MVET
Hbrary(hﬂVET) 2 Kurtosis 0.758712 0.4480251 Accept
; . 3 MVN Test NA NA Accept
mardiatest(setosa, showplot=T, showoutlier=T) e i
#mardiatest(versicolor, showplot=T, showoutlier=T) $outlier.num
#mardiatest(virginica, showplot=T, showoutlier=T) NULL
Chi-Square Q-Q plot Soutlier.cnt
125- . [l] 0
$QQplot

7.5-

Squared Mahalanobis Distance

0.0-

Chi-Square Quantile

* Non-outliers(n=50) 32




Outlier Detection & Maridia Test : Package MV

,.. .

[R-code](wine-mardiatest&outlier-MVET.R)

data(wine)

E -

wine2=subset(wine, class==2)[, -1]
[Example 6.5.2] wine data: 178 x 14
# Outlier Detection & Maridia Test
library(MVET)
mardiatest(wine2, showplot=T, showoutlier=T, outlieropt="all", shownewdata=T)
tmodified.data Chi-Square Q-Q plot
vl w2 v3 v4 v5 vE v7 vB ve w10 vll wl2 v13 04 o

1 12.37 0.94 1.36 10.6 88 1.98 0.57 0.28 0.42 1.95 1,050 1.82 520
2 12.33 1.10 2.28 16.0 101 2.05 1.09 0.63 0.41 3.27 1.250 1.67 €80
3 12.64 1.36 2.02 16.8 100 2.02 1.41 0.53 0.62 5.75 0.980 1.59 450
Smult.nomality

Test Statistics P.Value Test.result © 30° 15
1l Skewness 682.515366 2.3499%02e-11 Reject é .
2 Xurtosis 2.181523 2.914472e-02 Reject S S
3 MVN Test NA NA Reject E
Smodified.mvn %m’

Test Statistics P.Value Test.result 2
1 Skewness 496.573547 0.08688041 Accept z
2 Kurtosis -1.384847 0.16609935 Accept ’//”,—/””//”'
3 MVN Test NA NA Accept ’

Soutlier.num
(2] 63 1S 37 11 52 20

Soutlier.cnt
EX] 7

SQCplot

10 20
Chi-Square Quantile

* Qutliers(n=7) * Non-outliers(n=64)

30

33




1.9 R for MDA : Practice Time
&‘

summary() Descriptive Statistics

cov(), cor() Covariance, Correlation Matrices

plot() Multiple Scatter Plot

boxplot() Multiple Box-and-Whisker Plot

stem() Stem-and-Leaf Plot

star() Stars Plot

parcoordlabel() Parallel Coordinate Plot, library(gclus)

mvn() Mardia test : Skewness & Kurtosis Statistics
library(MVN)

mvnTest=“mardia”, multivariatePlot="“qq”

Mardia test and Outlier detection
mardiatest() library(MVET)

showplot=T, showoutlier=T

34



1.9 R for MDA : Practice Time

data(iris)

setosa = iris[1:50, 1:4] # Iris data only for setosa
#versicolor = iris[51:100, 1:4] # Iris data only for versicolor
#virginica = iris[101:150, 1:4] # Iris data only for virginica

# Chi-squre Plot for Checking MVN

x=setosa

n=dim(x)[[1]]

p=dim()[[2]]

S=cov(x)
xbar=colMeans(x)
m=mahalanobis(x, xbar, S)
m=sort(m)

id=seq(1, n)

pt=(id-0.5)/n

q=qchisq(pt, p)

[R-code] iris-PPCCtest.R

data(iris)
setosa =iris[1:50, 1:4] # Iris data only for setosa
# versicolor = iris[51:100, 1:4] # Iris data only for versicolor
# virginica = iris[101:150, 1:4] # Iris data only for virginica

#PPCC(Probability Plot Correlation Coefficient) Test
library(MVET)
PPCCtest(setosa, level=0.05)

plot(g, m, pch="*", xlab="Quantile", ylab="0Ordered Squared Distance")

abline(0, 1)

# Correlation Coefficient Test for Normailty

rq=cor(cbind(g, m))[1,2]
rq
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