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Multivariate Statistics (I) in Spring

1. Multivariate Data Analysis

2. Principal Component Analysis (PCA)

3. Factor Analysis (FA)

4. Canonical Correlation Analysis (CCA)

5. Cluster Analysis (CA)

Multivariate Statistics (II) in Autumn

6. Discrimination and Classification Tree (DCT)

7. Multidimensional Scaling (MDS)

8. Correspondence Analysis (CRA)

9. Biplot

10. Shape Analysis 2A. Machine Learnings: SVM, ANN



Multivariate Statistics (I)

1. Multivariate Data Analysis (MDA)
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1.1. Multivariate data analysis

1.2 Types of multivariate analysis techniques

1.3 Introduction and visualization of multivariate data

1.4 Matrix representation and descriptive statistics of multivariate data

1.5 Distances and Correlation of multivariate data

1.6 Multivariate normal distribution and its useful property

1.7 Wishart dist and Hotelling’s -dist

1.8 Test of multivariate normality

1.9 R for EDA : Practice Time

2T
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 Summarizing Data

1.1  Multivariate data analysis

Students Mechanics Algebra Statistics

Student1 65 85 85

Student2 65 80 90

Student3 30 40 50

Student4 70 83 82

Student5 35 43 52

Student6 72 82 92

Student7 40 43 48

Student8 68 83 82

Student9 25 32 43

Student10 17 51 35

Mechanics
Min. :17.00 

1st Qu. :31.25 
Median :52.50 

Mean :48.70 
3rd Qu. :67.25 

Max. :72.00 

Algebra
Min. :32.00 

1st Qu .:43.00 
Median :65.50

Mean :62.20 
3rd Qu. :82.75 

Max. :85.00 

Statistics
Min. :35.00 

1st Qu. :48.50 
Median :67.00 

Mean :65.90 
3rd Qu. :84.25 

Max. :92.00 

[2] Covariance Matrix

Mechanics Algebra Statistics

Mechanics 453.3444 431.5111 459.0778

Algebra 431.5111 484.6222 450.2444

Statistics 459.0778 450.2444 487.8778

[3] Correlation Matrix

Mechanics Algebra Statistics

Mechanics 1.0000000 0.9206110 0.9761501

Algebra 0.9206110 1.0000000 0.9259578

Statistics 0.9761501 0.9259578 1.0000000

Mechanics
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[5] Stem-and-
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Leaf Plot
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[1] Descriptive Statistics

[4] Multiple Scatter Plot                                       [5] Box Plot

[Example 1.1.1] 3 subjects’ marks of 10 students

[Table 1.1.1] (3subjects.txt) 
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b) p = 3 points in n-space

 Geometrical  Representations of 3-dimensinal space

Students Mechanics Algebra Statistics

Student1 65 85 85

Student2 65 80 90

Student3 30 40 50

Student4 70 83 82

Student5 35 43 52

Student6 72 82 92

Student7 40 43 48

Student8 68 83 82

Student9 25 32 43

Student10 17 51 35 a) n = 10 points in p-space

1.1  Multivariate data analysis

[R-code 1.1.2] 3subjects-3d.R
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• Definition of Multivariate Analysis

• A collection of techniques dealing with data containing         
observations on two or more variables.

• Multivariate data contain the n observations and p variables

 R-Techniques : Analyses based on the matrix of covariance or  

correlations between variables. 

- PCA/FA/CCA/Biplot

 Q-Techniques : Analyses based on the matrix of distances between

observations. 

- CA/DA/MDS/SCA/MCA/Biplot

 V-Techniques : Visualization techniques based on relationships

among variables or observations. 

- Biplot/SCA/MCA/MDS/Stars Plot/Mosaic Plot

Techniques based on the geometrical ideas
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• [Data 1.3.1] Examination marks on 5 subjects (Mardia et al., 1979, pp. 3-4)

…

Closed-book

Questions:

• How to combine or average these marks? 

• Relationship between open-book and closed-book ? 

Open-book
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Applications : PCA/FA/CCA

[R-code 1.3.1] 
5subjects-boxsctter.R
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• [Data 1.3.2] KLPGA player’s grades (www.klpga.com, 2006)

…

Applications : 
CCA/CA/DCT 

[R-code 1.3.2] klpga-boxscatter.R
Putting average, Green  in regulation % , Par save % , Par break % , Scoring average, Prize rate
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• [Data 1.3.4] Fisher’s Iris flower data(Johnson & Wichern, 2002, p. 657)

X1: Sepal length

X2: Sepal width

X3: Petal length

X4: Petal width

Questions:

- Ask to which species a new iris of 
unknown species belongs ?

- How to find the criteria for classifying?  

Sir Ronald Aylmer Fisher
(17 February 1890 – 29 July 1962)
English statistician, 
evolutionary biologist, and geneticist

Applications : DCT/CA 10



• Multiple Scatter Plot and Box Plot for Iris flower data
[R-code 1.3.4] irisflower-boxscatter.R

Sepal

Petal

11o : setosa,      :  versicolor , + : virginica



 [Data 1.3.5] Economic Views Data of the 1990
Growth/GNP/Export/Import/ Black-ink balance/ 
Foreign debt /Exchange rate/ Unemployed rate 
/Consumer price rate /Wage increase rate
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Size of shape: small(pessimistic) vs large(optimistic)



 [Data 1.3.5] Economic Views Data

[R-code 1.3.5] economicview-starscatterparcoord.R
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10x3 Data Matrix from 
[Data 1.1.1]

Representation of Data in Space:

 Standardized data matrix : 

Square matrix with all elements 1,  I = unit matrix

:  SD matrix
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I) Sample Summary Statistics
- (Sample) mean vector 

- (Sample variance-) covariance matrix

- Algebraic relationship : 
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- Correlation matrix

- Algebraic relationship : 

Note : 

The measurement units of variables are different or some variables have widely 
differing variances  => correlation matrix R
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- Measures for amount of variation from the centroid:

Notes:
• Large values indicate a high degree of scatter about mean vector and low 

values represent concentration about mean vector

• |S|=0  : collinearity among variables

• |R|=0 : correlation among variables

• |S| or |R| plays an important role in MLE/FA(Sec 3.4 MLFA)/DCT

• tr(S) or tr(R) is a useful concept in PCA(Sec 2.4)/FA(Sec 3.4) : goodness-of-fit
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• [Example 1.4.1] S and R for examination marks on 3 subjects

• Results of [R-code 1.4.1] 3subjects-covcorr.R

(48.70, 62.20, 65.90)
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• [Example 1.4.2] S and R for iris flower data

• Results  of [R-code 1.4.2] irisflower-covcorr.R
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1) Size of variances : The higher variances, the higher  |S| or tr(S)

2) Size of correlations : The higher correlations, the lower |R|; tr(R)=4



(1) Euclidean

(2) Weighted Euclidean 

(3) Normalized Eucliean

(4) Mahalanobis

(5) City-Block 

(6) Minkowski

Hermann Minkowski (1864–1909): Russian mathematician 
His former student Albert Einstein's special theory of relativity (1905) could be understood geometrically as a theory of four-dimensional space–time since known 
as the "Minkowski spacetime".. 20



• [Example 1.5.1][DATA  1.1.1]
Result of [R-code 1.5.1] 3subjects-distances.R

Euclidean distance
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Univariate Multivariate

Normal dist. Multivariate normal dist.

Chi-square dist. Wishart dist.

t-dist. Hotelling’s dist.

F-dist. Wilks’     dist.

2T



• Univariate Distributions vs. Multivariate Distributions

• Univariate normal distribution :  X ~

John Wishart(28 November 1898 – 14 July 1956) was a Scottish mathematician and agricultural statistician. He 

worked successively at University College London with Karl Pearson, at Rothamsted Experimental Station with Ronald 
Fisher. He first formulated the Wishart distribution in his honour, in 1928 .

Harold Hotelling(September 29, 1895 – December 26, 1973) was an American mathematical statistician 

and an influential economic theorist, Hotelling's T-squared distribution in statistics. He also developed and 
named the principal component analysis method widely used.

Samuel Stanley Wilks (June 17, 1906 – March 7, 1964) was an American mathematician and academic who played an important 
role in the development of mathematical statistics. He provided Wilks’ Theorem in the theory of likelihood ratio tests, where he 
showed the distribution of log likelihood ratios is asymptotically χ 2 . 22



• Multivariate Normal Distribution:

Likelihood function :

 Bivariate Normal Distribution:
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• Deriving                           from  
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• Bivariate normal distribution

• Contour of normal distribution

25

: Ellipsoid

[R-code 1.6.1] in p. 48
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• Chi-square dist. and  Wishart dist.

This distribution known as the  Helmert distribution was first described by the German statistician Friedrich Robert Helmert in 1875–6. This was independently
rediscovered by the English mathematician Karl Pearson in goodness of fit, for which he developed his chi-squared test, published in 1900 with computed table. 

Karl Pearson(27 March 1857 – 27 April 1936) :
English mathematician and biostatistician

Friedrich Robert Helmert (July 31, 1843 – June 15, 1917): 
German geodesist
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2T

• t-dist. and        -dist.2T

• t-distribution in the univariate case

• -distribution in the multivariate case2T

Note :

William Sealy Gosset (13 June 1876 – 16 October 1937) was an English 
statistician. He published under the pen name Student, and developed 
the Student's t-distribution. Guinness prohibited its employees from 
publishing any papers regardless of the contained information. 
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• Steps for chi-squire plot

Mahalanobis distance:

[Step 1] Order the Mahalanobis distances  from smallest to largest as

[Step 2] Calculate the                                             percentile         of chi-square  

distribution with p d.f.

[Step 3] Plot the pairs .

[Step 4] Check the straightness of plot.

Prasanta Chandra Mahalanobis (29 June 1893 – 28 June 1972):
an Indian scientist and applied statistician
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[Figure 1.8.1]  Chi-square plot and correlation coefficient of iris data  
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library(MVET) : developed by Choi and Choi(2024) in R 

data(iris)  
setosa = iris[1:50, 1:4] # Iris data only for setosa
# versicolor = iris[51:100, 1:4] # Iris data only for versicolor
# virginica = iris[101:150, 1:4] # Iris data only for virginica

#PPCC(Probability Plot Correlation Coefficient) Test
library(MVET)
PPCCtest(setosa, level=0.05)

> PPCCtest(setosa, level=0.05)
$data.cnt
[1] 50

$PPCC.value
[1] 0.9863

$critical.value
0.05

48 0.9761

$test.res
[1] "0.9863 > 0.9761 : Accept Normality at level = 0.05"

$QQPlot

R-code: iris-PPCCtest.R



Kantilal Vardichand Mardia (born 1935) : Indian statistician specializing in multivariate analysis  and statistical shape analysis
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data(iris)
setosa = iris[1:50, 1:4]
#versicolor = iris[51:100, 1:4]
#virginica = iris[101:150, 1:4]

# Mardia test : Multivariate Skewness & Kurtosis
library(MVN)
mvn(setosa, mvnTest="mardia")
#mvn(versicolor, mvnTest="mardia")
#mvn(virginica,mvnTest="mardia")

[R-code 1.8.2](iris-MVNtest.R)   

multivariatePlot = "qq＂ :  Q-Q plot
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data(iris)
setosa = iris[1:50, 1:4]
#versicolor = iris[51:100, 1:4]
#virginica = iris[101:150, 1:4]

# Mardia test : package MVET 
library(MVET)
mardiatest(setosa, showplot=T, showoutlier=T)
#mardiatest(versicolor, showplot=T, showoutlier=T)
#mardiatest(virginica, showplot=T, showoutlier=T)

[R-code]( iris-mardiatest-MVET.R)
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[R-code](wine-mardiatest&outlier-MVET.R)

data(wine)
wine2=subset(wine, class==2)[, -1]

# Outlier Detection & Maridia Test
library(MVET)
mardiatest(wine2, showplot=T, showoutlier=T, outlieropt="all", shownewdata=T)

[Example 6.5.2]  wine data :  178 x 14



R-code: MDA

summary() Descriptive Statistics

cov(), cor() Covariance, Correlation Matrices 

plot()
boxplot()
stem()

Multiple Scatter Plot
Multiple Box-and-Whisker Plot
Stem-and-Leaf Plot

star()
parcoordlabel()

Stars Plot
Parallel Coordinate Plot, library(gclus)

mvn()

mardiatest()

Mardia test : Skewness & Kurtosis Statistics
library(MVN)

mvnTest=“mardia”, multivariatePlot=“qq”
Mardia test and Outlier detection
library(MVET)
showplot=T, showoutlier=T
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[R-code 1.8.1] iris-chisqplot.R
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data(iris)  
setosa = iris[1:50, 1:4] # Iris data only for setosa
# versicolor = iris[51:100, 1:4] # Iris data only for versicolor
# virginica = iris[101:150, 1:4] # Iris data only for virginica 

#PPCC(Probability Plot Correlation Coefficient) Test
library(MVET)
PPCCtest(setosa, level=0.05)

[R-code] iris-PPCCtest.R


