
Techniques and Applications 
of Multivariate Analysis

7. Multidimensional Scaling (MDS)



7.1 Comprehension of MDS

7.2 Metric MDS

7.3 Non-Metric MDS  

7.4 Three-way matrix MDS

7.5 Nonlinear MDS 

7.6 R for MDS : Practice Time 



• [Definition] Choi (2014, Sec 1.1)

• Visualization Techniques for finding a low dimensional configuration 
space to match nearly the original similarities (or distances) between 
every pair of n objects.

• Applications
• Market research, Political sciences, Psychology, Physics,  Text mining, etc.

• General relationship :  
( )ij ij ijd f   

Distances in High Dimensional Space Distances in Configuration Space

Metric MDS: classical scaling

Non-metric MDS: ordinal scaling

cmdscale()

isoMDS()

Scales

Torgerson Algorithm :

Kruskal-Shepard  Algorithm :





• [Example 7.2.2] Metric MDS  of distance between 10 European cities 

• [Data 7.2.1] Distance matrix of 10 European cities (eurodist.txt) 

GOF = 99.91%
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• [Example 7.2.3] Metric MDS on the economic view about the 1990  [R-code 7.2.3]

• [Table 7.2.2]  Cluster and characteristics of MDS plot on economic view (data 1.3.5: economicview.txt)

Growth /Export/Import/ Black-ink balance/ Foreign 
debt /Exchange rate/ Unemployed rate /Consumer 
price rate /Wage increase rate

GOF = 55.44%

OptimisticSupport

Pessimistic Critical

Low High

D : standardized Euclidean distance



• [Example 7.2.4] Metric MDS of KLPGA Data

• [Data 1.3.2] KLPGA player’s grade (klpga.txt) 

…

Putting average /Green  in regulation % / Par save % / Par break % / Scoring average Prize rate

GOF = 90.48%

D : standardized Euclidean distance

Top Middle Low



• [Example 7.2.2] Metric MDS  of distance between 10 European cities 

• [Example 7.2.3] Metric MDS on the economic view  

• [Example 7.2.4] Metric MDS of KLPGA Data

• [Data 7.2.1] Distance matrix of 10 European cities (euroddist.txt)   :
D =  Euclidian distance on a map of Europe 

• [Data 7.2.1] Distance matrix of 10 Institutes (economicview.txt)
D = Standardized Euclidian distance from economicview.txt 

• [Data 1.3.2] KLPGA player’s grade (klpga.txt)
D =  Standardized Euclidian distance  from klpga.txt 

GOF = 99.91%

GOF = 55.44%

GOF = 90.48%

How well dose MDS plot represent the data? 

: Metric MDS or Non-metric MDS



Torgerson, W.S.(1952) Lincoln Laboratories, Massachusetts Institute of Technology, USA

GOF







• [Example 7.2.1]  Scatter plot, 3-dim spatial representation of distance, and MDS for 4x2 X’s 

X’s 2-dim scatter plot



Metric MDS plot of Clark dist Metric MDS plot of Euclid dist

Torgerson Algorithm for Metric MDS

GOF = 96.39% GOF = 100%



• [Example 7.2.6] Metric MDS of  Morse Code   

• [Data 7.2.3] Similarity Matrix                    of Morse code(morse.txt)

1     2     3      4     5     6      7      8      9     0

- Each pair of signals was presented twice(1 then 2, and 2 then 1).
- dots(.) & dashes(-) are coded for digits 0 ~ 9.

- 598 subjects determined whether the digits of each pair were 
the same or different.         % of times in correct

https://www.google.co.kr/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&ved=2ahUKEwjF0vqK9ITcAhXTBIgKHbTcBpwQjRx6BAgBEAU&url=https://www.reddit.com/r/coolguides/comments/3e751n/a_visual_guide_to_morse_code/&psig=AOvVaw3GqYVEi3regUrMWUamJf2U&ust=1530775060229871
https://www.google.co.kr/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&uact=8&ved=2ahUKEwjh9_HR9ITcAhXCc94KHYjyALMQjRx6BAgBEAU&url=https://github.com/Otann/morse&psig=AOvVaw1NG-WP_r0Sq61_Z2fEFLfb&ust=1530775306993356


• [Example 7.2.6] Metric MDS of Morse Code  

• [Figure 7.2.6] Metric MDS and MDS Map  

Heterogeneity of the signal #s of . are increasing
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Shepard, R.N. (January 30, 1929 – May 30, 2022), USA,.Cognitive Scientist

Kruskal, J.B. (January 29, 1928 – September 19, 2010) : American mathematician, statistician, computer scientist and psychometrician.

Kruskal

and non-decreasing with 

But these can not guarantee original ordering :   

https://en.wikipedia.org/wiki/Americans
https://en.wikipedia.org/wiki/Mathematician
https://en.wikipedia.org/wiki/Statistician
https://en.wikipedia.org/wiki/Computer_scientist
https://en.wikipedia.org/wiki/Psychometrician


Geometric Concept of Non-metric MDS



 Stress (Kruskal and Wish, 1978, pp. 24-25 )
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 Kruskal(1964)’s Criterion for the number of dimensions

Stress(%) 0.0 2.5 5.0 10.0 20.0

Goodness of fit Perfect Excellent Good Fair Poor

How well dose Non-metric MDS plot represent the data? 



[Figure 7.3.1] Non-metric MDS Map  
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• [Example 7.3.1] Non-Metric MDS for Dissimilarity Matrix  Data among 9 Jobs   

GOF = 5.60% Good[Data 7.3.1] Dissimilarity Matrix (jobs.txt)  

• 0(very similar) ~ 5(very different) :     
36 cases of pair of jobs

• Average the rating of 62 people  

Uniform jobs

Professional knowledge jobs

Treatment cure jobs

Physical labor jobs



[Figure 7.3.1] Guttman(1968)’ Shepard Diagram and  Image Diagram  

• [Example 7.3.1] Non-Metric MDS for Dissimilarity Matrix  Data among 9 Jobs   

Image Diagram Shepard Diagram 

Non-metric MDS plot represents the data good !GOF = 5.60% : Good



• [Example 7.3.2] Non-Metric MDS  of distance between 10 European cities 

[Figure 7.3.2] Non-metric MDS Map 

GOF = 9.09% Fair
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[Figure 7.2.2] Metric MDS Map 
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Similar geographical positions but Metric MDS’s performance is better than No-metric MDS’s



• [Example 7.3.2] Non-Metric MDS  of distance between 10 European cities 

[Figure 7.3.2] Shepard Diagram and  Image Diagram  

Shepard Diagram Image Diagram 

Non-metric MDS plot represents the data fairly !GOF = 9.09% : Fair

outlier



• [Example 7.3.3] Non-Metric MDS of KLPGA Data 

[Figure 7.3.3] Non-metric MDS Map  

GOF = 1.86% Excellent
GOF = 90.48%

[Figure 7.2.4] Metric MDS Map  

Non-metric MDS plot represents the data excellently!



R-Code: Metric MDS Non-metric MDS

cmdscale() library(MASS)
isoMDS()

Torgerson Algorithm :
Spectral Decomposition

Shepard()
Kruskal-Shepard Algorithm



R-code list of Chapter 7 Cluster Analysis



[R-code 7.2.1] Metric MDS for 4 x 2 Data Matrix based on the Torgerson Algorithm 



[R-code 7.2.2] Metric MDS for distance between 10 European cities



[R-code 7.3.1] Non-metric MDS for 9 Jobs


