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7.1 Comprehension of MDS o, g

* [Definition] Choi (2014, Sec 1.1)

* Visualization Techniques for finding a low dimensional configuration
space to match nearly the original similarities (or distances) between
every pair of n objects.

 Applications

« Market research, Political sciences, Psychology, Physics, Text mining, etc.

« General relationship :
d = (5)+e,
H=16)+s
Distances in High Dimensional Space Distances in Configuration Space
Relationship of dy and & Torgerson Algorithm :

~ Metric MDS: classical scaling | cmdscale()

Scales /
1) Absolute : dy = & + & ; /
2) Interval ‘dy=a+ bd + &, b>0
3) Ordinal : dy = f(&) + & .

where & 1s a combination of errors of measurement and f{ - ) is

» Non-metric MDS: ordinal scaling > isoMDS()
Kruskal-Shepard Algorithm :

non—decreasing function.
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7.1 Comprehension of MDS

« [Example 7.2.2] Metric MDS of distance between 10 European cities

» [Data 7.2.1] Distance matrix of 10 European cities (eurodist.txt)

The relative positions of cities on the Map
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7.1 Comprehension of MDS

i

» [Example 7.2.3] Metric MDS on the economic view about the 1990 [R-code 7.2.3]

* [Table 7.2.2] Cluster and characteristics of MDS plot on economic view (data 1.3.5: economicview.txt)

; D : standardized Euclidean distance
o B P . .
Suplport Optimistic Growth /Export/Import/ Black-ink balance/ Foreign
debt /Exchange rate/ Unemployed rate /Consumer
~
price rate /Wage increase rate
oo
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7.1 Comprehension of MDS

>

« [Example 7.2.4] Metric MDS of KLPGA Data
» [Data 1.3.2] KLPGA player’s grade (klpga.txt)

Putting average /Green in regulation % / Par save % / Par break % / Scoring average Prize rate

D : standardized Euclidean distance

GOF =90.48%

Mb | TEBE: | J2HZE | DHOEE | LEH0E8 | TPER: | 428
1 3036 8272 90.12 BT 69.58 100.0 ) .
2 3085 76.94 §5.29 23.69 7085 637 521
3 3133 7963 88.52 19.26 7093 594 . 7 "
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5 3097 68.86 79.97 17.17 .79 440 / o 5™ 355;;0
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il
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10 | 3191 7828 8171 1532 NE 192 n | B
. 87
a :4;;
43 31.20 70.19 80.19 14.44 73.53 62 10 -
9 | 3250 7135 813 1267 74.06 59 b , 2
00| 3107 68.72 80.36 1488 73.39 5.1 . 0 .
-5 0 5
= A g = = Dimt
AqAlEs U= 1, 2,3,4,6,7, 8,9, 10 Aol 4 .
ﬂ - L ’ .:. :. ’ ’ ? ) ? 01—4 Top Mlddle LOW
A% sted 5, 11, 12, 13, 14, 15, 16, 17, 18, =012
7 =
=l LN =3 P
19, 20
A1E o231 | 309]-509] ot d




7.2 Metric MDS o

[Table 7.1.1] Process Steps for MDS : Metric MDS or Non-metric MDS

[Step 1] Obtain the nxn distance matrix DZ[d‘ij}: i.j=1,....n based on the

dissimilarities among objects.
[Step 2] Select a MDS algm@ﬂ/ MDS plot

[Step 3] Calculate a|goodness-of-fit| of MDS.
[Step 4] Interpret the MDS plot and attempt cluster of objects.

« [Example 7.2.2]|Metric MDS |of distance between 10 European cities

* [Data 7.2.1] Distance matrix of 10 European cities (euroddist.txt) :
D = Euclidian distance on a map of Europe GOF =99.91%

« [Example 7.2.3]|Metric MDS|on the economic view

* [Data 7.2.1] Distance matrix of 10 Institutes (economicview.txt)
D = Standardized Euclidian distance from economicview.txt | GOF =55.44%

« [Example 7.2.4]|Metric MDS|of KLPGA Data

» [Data 1.3.2] KLPGA player’s grade (klpga.txt)
D = Standardized Euclidian distance from klpga.txt GOF = 90.48%




7.2 Metric MDS

Torgerson, W.S.(1952) Lincoln Laboratories, Massachusetts Institute of Technology, UsA

[ Table 7.2.1] Torgerson Algorithm for Metric MDS

[Step 1] Calculate an n><n matrix (4 = (a, )| from D= (d;). i.j=1. n
where, [a,; = — %dﬁ ., f.i=1,...n.
[Step 2] Calculate |B = (b,)|=HAH from A4 = (a;)
where.| b;; = a;; — a_ — E -+ I:I___
1 - — 1 1 n _ 1 n (i
a;; = — S d. a; p— Z — Z jeo A= — D ;-
- 2" nji=1 ' ni= n-i—15—1
H =1 — J,/n ' centering matrix
[Step 3] Calculate spectral decomposition: F = VD, 177
where., D, = diag(ly....1,,) ' Diagonal matrix with ; = --- =1, = 0.
V= (vy. ... .7, ) * Orthogonal matrix

[Step 4] Obtain an n > s coordinate matrix:

CT b = I"’l: =) _D i:'lf-.ﬂ:: = |: o ) E’i ] ) . T . E-]_ Ao ]

&

= 100% for B =

3

|v'
-]

[Step 5] Goodness- of-fit: fit; =




Deriving B from X =(z;) and 4=(a;) : . , ‘

Consider the centred data matrix X = (:ci-;,), i=1,....n: k=1,_.,p with E;’zl:r” =0.

Let z;,=(zy...2,)7 be ith observation which is row of X and coordinate of

ip

data points in p-dimensional space.

Then the squared Euclidean distance between z; and z; is given by

dy =(z,—z;)"(z,—x,)
__7T r T
=z;z;t T;T;— 2z, T (7.2.2)
Let the inner product matrix be B= [bij) where ba‘;‘ — Iij

Hence from (7.2.2)

d’> =b; + bj; — 2b; (7.2.3)




Deriving B from X =(z;) and 4=(a;) @ . , ‘

From (7.2.3), we have
1 2 1 ¢
S 20diy = by + - 3by
i=1 i=
1 s 1Y
- >.d; D by + by
=1 =1
=3 Edu ;_Ebu + = 3by
n t=14j=1 f=1 =1
From (7.2.3),
1
by = _?(dizj—bzi—bjj)
- 1[{,20 1xvg,2 1 2 1 Y 2
— —E drj Edtj ;Zdu-*-'_z' F dxj
=1 i= i=1j=1
=1Qjj af — E-j +a
K U T —— - - 1 ¥
Whel‘e au‘— = Edu ’ at" - —;leau' ’ aj— gi_zlatj ’ a" - ?i—zljzlau.




7.2 Metric MDS ; g

» [Example 7.2.1] Scatter plot, 3-dim spatial representation of distance, and MDS for 4x2 X’s

b
[]

(6 4| a )
4 8 ;
X —— # o
4 2| c . «
2 2| d =
N o i
X’s 2-dim scamtter plot
_ Clark Distance Euclidean Distance
distance
2 |2
— T |
d;'; Er--_.I:]--_...-_Ll ﬂ:— d;.: f [:r1—:r}:
] ] \ E | 2 ‘|‘I 3 \\'I icgl ol ik ik
dissimilanty 0 0.389 0.389 0.601] 0 4472 2.828 4.472]
matrix 0.3589 0 0.600 0.686 4.472 0 6.000 6.325
0.3539 0.600 0 0.333 2.528 0.600 0 2.000
= (d;) 0.601 0.686 0.333 0  4.472 6.325 2.000 0 |




7.2 Metric MDS - [Figure 7.2.1] _

b d .
: b
b
J o 1 :
Metric MDS plot of Clark dist Metric MDS plot of Euclid dist

GOF = 96.39% v GOF = 100%

Torgerson Algorithm for Metric MDS



7.2 Metric MDS

[Example 7.2.6] Metric MDS of Morse Code
* [Data 7.2.3] Similarity Matrix < = (¢;;) of Morse code(morse.txt)

- 598 subjects determined whether the digits of each pair were
the same or different. mm % of times in correct

1 2 3 4 5 6 7 8 9 0

1— 84
- 62 89

3 16 50 86

4. - 6 23 38 80

5 12 8 27 56 9%

6. 12 14 33 34 30 86

T— 20 25 17 24 18 65 85

8- 37 25 16 13 10 22 65 S8

0 57 22 0 7 5 8 31 58 01

0— 2 18 0 7 5 18 15 30 70 04 It's More Than S05:

How to Learn Morse Code

- Each pair of signals was presented twice(1 then 2, and 2 then 1). -/m_ﬁ
o P

- dots(.) & dashes(-) are coded for digits 0 ~ 9.



https://www.google.co.kr/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&ved=2ahUKEwjF0vqK9ITcAhXTBIgKHbTcBpwQjRx6BAgBEAU&url=https://www.reddit.com/r/coolguides/comments/3e751n/a_visual_guide_to_morse_code/&psig=AOvVaw3GqYVEi3regUrMWUamJf2U&ust=1530775060229871
https://www.google.co.kr/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&uact=8&ved=2ahUKEwjh9_HR9ITcAhXCc94KHYjyALMQjRx6BAgBEAU&url=https://github.com/Otann/morse&psig=AOvVaw1NG-WP_r0Sq61_Z2fEFLfb&ust=1530775306993356

7.2 Metric MDS

>

» [Example 7.2.6] Metric MDS of Morse Code

= D=(dy,i,j=1,..,10

[2]
-3.1377040
-5.9626237
-4.4990989
-0.6275020

0.4205213
3.7170866
5.2143848
3.6160868
0.8048214
0.4540277

$points

[1]
[1] -4.5683272
[2)] -0.4079107
[3] 3.6389106
[4] 5.6363286
[5] 5.6464513
[6,] 3.7426401
[7] 0.9389537
[8] -2.9284754
[9,] -6.0970041
[10,] -5.6015668
SGOF
[1] 0.5582581|0.5622199

GOF =56.22%

* [Figure 7.2.6] Metric MDS and MDS Map

© -

Dim2
0
D

Heterogeneity of the signal

#s of . are increasing



7.3 Non-Metric MDS

Kruskal, J.B. (January 29, 1928 — September 19, 2010) : American mathematician, statistician, computer scientist.and psychometrician.

-

<m Shepard, R.N. (January 30, 1929 — May 30, 2022), USA,.Cognitive Scientist

X A [Table 7.3.1] Kruskal -Shepard Algorithm for Non-metric MDS
—

Wy [STEP 1] Order m=nin—1)/2 non-diagonal elements from D= (d)

in
ascending as

where the subscript indicates the pair of objects that are at least similar

[STEP 2] If D = I.’_é;-} is a dissimilarity matrix related with a coordinate matrix X~

of s-dimensional configuration space, 07 4.» Orjunewns 05 ; ~ TMUSt  be
corresponded to d, ; . d:-ﬁ-:.____._ d:.frj.fr_. respectively.
But these can not guarantee original ordering : d.; = d; = -~ =d, ;

[STEP 3] Calculate the rank image &ﬁ = &:?:ﬁ': = --- = &ffr.ﬁ}r which is monotonic
related with 4., = J_, = - = J,; and non-decreasing withd,;, = d.; = -~ =d

[STEP 4] Define the Kruskal's stress :
[ZZ}[&; —d )%/ D2 (,) ]1 (7.3.1)
= 7 == 3

and find a coordinate matrix X~
minimizing (7.3.1).

of s—dimensional configuration space


https://en.wikipedia.org/wiki/Americans
https://en.wikipedia.org/wiki/Mathematician
https://en.wikipedia.org/wiki/Statistician
https://en.wikipedia.org/wiki/Computer_scientist
https://en.wikipedia.org/wiki/Psychometrician

_nn-1)

anD=(dij):m_ 5

Ordering : d;jyy) < - < d;

1

Hope : 51}(1) < - =< 6:}(??1)

j(m)

—

But this 1-1 ~ onto ordering can not be guaranteed.

l Monotonic non-decreasing with |dij1) < " < djjom)

from|55}'(1) << 65}-(mjl

-~

Rank Image : d;;;) = - <d

ij(m)




7.3 Non-Metric MDS

:?’—-‘ —

i+ Stress (Kruskal and Wish, 1978, pp. 24-25)
ST =(RSS/SC)"?
ok ¥ y *\2 1/2
— [ZJ‘Z(% _dij)z/Z;Z(%)) ]
1 : l J

—) Min ST for s-dimensional Non-metric MDS Map.

< Kruskal(1964)’s Criterion for the number of dimensions

Stress(%o)

0.0

2.5

5.0

10.0

20.0

Goodness of fit

Perfect

Excellent

Good

Fair

Poor

Non-metric MDS plot




7.3 Non-Metric MDS i

* [Example 7.3.1] Non-Metric MDS for Dissimilarity Matrix Data among 9 Jobs
[Figure 7.3.1] Non-metric MDS Map

GOF = 5.60% Good

[Data 7.3.1] Dissimilarity Matrix (jobs.txt)

o
Preacher 0.00
Surgeon 3.06 000 ~ Hank ©
Teacher 2.14 395 0.00 _ _
Journalist 321 395 303 0.00 iee o | UNiTOTM jObS
Policeman 351 417 282 333 0.00 = journal ©
Plumber 440 377 386 414 360 0.00 NPrOfeSSiO”a'k”OV"tLi‘:fijObs farmer o
Farmer 364 369 347 390 356 253 0.00 £ ° plumherS—
Actor 312 413 272 258 368 417 410 000 actor © Physical labor jobs
Bank clerk 373 405 331 346 329 392 359 372 0.00 <
preach ©

t Rl Treatment |cure jobs

e O(very similar) ~ 5(very different) :
36 cases of pair of jobs " | | weene |

* Average the rating of 62 people Dim1




7.3 Non-Metric MDS

>

[Example 7.3.1] Non-Metric MDS for Dissimilarity Matrix Data among 9 Jobs

GOF =5.60% : Good

~dU5”d

2| FITDIST  FITDATA
[1] 214 15972510 1326969
[2] 253 1.3432663 1326969
3] 258 1.2215031 1326969
4] 272 1.2567262 1326969
[5,] 282 1.6318242 1326969
[6,] 3.03 0.9112457 1326969
[7] 3.06 3.3988974 2012820
8] 3.12 1.2946962 2012820
9] 3.21 21861394 2012820
[10] 3.29 11715476 2012820

- g;ﬁ -

135,] 417 66752779 6.335556
36,] 440 59958335 6.335556

Non-metric MDS plot represents the data good !

T T ’ T
25 30 35

Dissimilarty f .
ij

Shepard Diagram

40

Dissimilarity () fJ

Image Diagram

[Figure 7.3.1] Guttman(1968)’ Shepard Diagram and Image Diagram



7.3 Non-Metric MDS

>

« [Example 7.3.2] Non-Metric MDS of distance between 10 European cities

Dim2

[Figure 7.2.2] Metric MDS Map

[Figure 7.3.2] Non-metric MDS Map

GOF = 99.91% GOF=9.09% | FEair
o RO
g N Stockholm ©
N jome ©
o E
(=]
S -
Ly
S - S Lishoa ©
N
@ N
o)
i} . \ % N ngue o =
k W P%rTs Stockhol =] inlo
Amsterdam Bedin ©
Ldndon
o ° Madrid ©
8 —]
I o Amsterdam © Pags b
=) n
g —
W 2 W
Dyblin
o}
o
S
5
T T T T T T T T T T
-600 -400 -200 0 200 400 600 Ze+05 -1e+05 Oe+00 1e+05 2e+05
Diml Dim1

Similar geographical positions but Metric MDS’s performance is better than No-metric MDS’s




7.3 Non-Metric MDS i

« [Example 7.3.2] Non-Metric MDS of distance between 10 European cities

GOF =9.09% : Fair Non-metric MDS plot represents the data fairly !

Shepard Diagram Image Diagram

a5
1

-tk

outlier

a5
|
s tan g
D5
|
]
-]
™
=
™
™
a

i stance
2+ (5
|

ety
|

1e+05
®
B
@
&

1e+l

I I | I I I
200 400 80D 800 1000 1200 1e+05 de+03 3e+03 4e+05

Dissimilarity FitDissirnilarity

[Figure 7.3.2] Shepard Diagram and Image Diagram



7.3 Non-Metric MDS

>

« [Example 7.3.3] Non-Metric MDS of KLPGA Data

[Figure 7.2.4] Metric MDS Map

[Figure 7.3.3] Non-metric MDS Map

16 ¢
N g 10¢c
105 02‘:11
;| °
N | s Ll
ol . 40 120 o
102 5 14 9205:0 3o 1118%;2&
=] 2 8 : J
o 1 > pd o E o ol
g . 2 Rl & oAk £
[l b 0;4:3 S%ﬁﬁgo
c . 020213 ;90 2 o 40 0
& 11 By o 2 5 o
_ o 3337 1o 2%960
. il 19 800
44 o
10 42 2@
o4 a 42
16 o 2
5 0 5 =0 0 ¥
. Dim1
GOF =90.48%
6 GOF=1.86% | Excellent
= R 5
% = _QJE ks JQ i
115 ¢H é 21,13’1‘;“ 61’37’12’ 91’5 1016 =15 892 [Non-metric MDS plot represents the data excellently!
AE ke T 3
s sted | Eht
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7.6 R for MDS : Practice Time

cmdscale() library(MASS)
isoMDS()
Torgerson Algorithm : Shepard()

Spectral Decomposition Kruskal-Shepard Algorithm



7.6 R for MDS : Practice Time A

R-code list of Chapter 7 Cluster Analysis

example721-metricMDS.R [R-71= 7.2.1] | 4 x 2 #Aadld x o] 7=k MDS

eurodist-metricMDS.R [R-315= 7.2.2] | 5 100 T=A)7F Aw)e] A=Fsl MDS

iovi - ANAY 2o 123} S2e= Ao et A
economicview-metricMDS.R | [R-Z= 7.2.3] ° © | IR | thet A

klpga-metricMDS.R KLPGA 4=2] A& o| tfgt Al5ka MDS

|7
| R
i n
- | =
o | b2
|

bankbinary-metricMDS.R >3 7497 Aiie] AR MDS

o
KU
Iy
-
o
o))

morse-metricMDS.R WAES 2}ito] Aleks MDS

jobs-nonmetricMDS.R 97}x] Ze19] v|A|wFs MDS

kU
Iy
-
%)
)

eurodist-nonmetricMDS.R o= 100 =AIZE Aele] vA=E MDS

| | | | | | | rm | |
[
(N (N (N (N
| | ___I_‘ |
L] L] ]E-‘I L] L] i
-1
('S
[a—
| M— | I— | I— | I— | I— | M—

KU
Iy
-

klpga-nonmetricMDS.R KLPGA A<=2] AlZ o] tfst v|A|eFa MDS




7.6 R for MDS : Practice Time

#[27| 7.21] Metric MDS based ont the Torgerson's Algorithm
#Clark distance from data matrix
X <- matrix(c(6,4,4,84,22,2) byrow=T, nrow=4)
n <- nrow(X)
rownames(X) <- ¢("a""b""c""d")
# Scatter Plot
par(pty="s’)
lim <- range(pretty(X))
plot(X[1].X[.2] xlab="X1" ylab="X2"Xlim=limylim=lim,pch=15col=2)
abline(v=0h=0)
text(X[, 1] X[.2] rownames(X),cex=1,col=2,pos=3)

# Clark’s distance

D <- matrix(0O,n,n)

for (i in 1:n) { for ( in 1:n) {

tmp <- as.matrix(CX[L]-X[J,D/CK0,]1+ X[, D)
d <- sgrt(t(tmp)%%*2%tmp)

DI[ijl <- d}

round(D, 3)

#Metric MDS: Torgerson's Algorithm
A <--(D")2
J <- matrix(L,n,n)
H <- diag(1,n)-J/n
B <- H%*%A%*%H
egB <- eigen(B)
tmp <- sum(eg.BSvalues>=0)
eig <- eg.BSvalues[1:tmp]
per <- eig/sum(eig)*100
gof <- sum(per[L:2])
V <- eg.BSvectors],1:2]
C < V%*%diag(sqrt(eig[L:2]))
list(eig, gof)
# MDS Map
par(pty="s")
lim <- range(pretty(C))
plot(C[,1],C[.2] xlab="Dim1" ylab="Dim2" xlim=limylim=limpch=15,col=2)
abline(v=0h=0)
text(C[,1],C[.2] rownames(X) cex=1,col=2 pos=3)




7.6 R for MDS : Practice Time

@ o

[R-code 7.2.2] Metric MDS for distance between 10 European cities

# 10 European Cities's Distances

D<-Data/.2.1
L Al=colnames(D)
n<-nrow(D)

# Metric MDS

win.graph()

con<-cmdscale(D, k=2, eig=T)
con

x<-con$points[, 1]
y<-con$points[, 2]
liml<-c(-max(abs(x)), max(abs(x)))
lim2 <-c(-max(abs(y)), max(abs(y)))

text(x, y, = A|, cex=0.8, pos=3)
abline(v=0, h=0)

Data7.2.1<-read.table("eurodist.txt”, header=T)

plot(x, v, xlab="Dim1", ylab="Dim2", xlim=Ilim1, ylim=Ilim2)




7.6 R for MDS : Practice Time

[R-code 7.3.1] Non-metric MDS for 9 Jobs

# Nine Jobs's Dissimilarity
Data7.3.1<-read.table("jobs.txt", header=T)

e dist sh <- Shepard(D[lower.ri(D)], con$points)

Xl =colnames(D) dist <h

# Nonmetric MDS cdist_sh=chind(dist sh$x, dist _shy, dist sh$yf)

win.graph() cdistsh 67;

library(MASS) plot{edist shf,1]] EGSESAL3] peh = ", xlab = "Dissimilarity”, ylab = "Distance,
con<tisoMDS(D, k=2) xlim = range(cdist sh[.1]), ylim = range(cdist sh[.1])

- lines(cdist_sh[1], cdist_sh[,3], type = "S")

x<-con$points[,1]

y<-con$points[,2] #|Image Diagram

lim1<-c(-max(abs(x)), max(abs(x))) win.graph() 5:;- 07:;

lim2<-c(-max(abs(y)), max(abs(y))) plot(edist sh[.2]] kdist sh3] pch = ", xlab = "FitDissimilarity", ylab = "Distance",
plot(xy, xlab="Dim1", ylab="Dim2", xlim=Ilim1, ylim=lim2) = xlim = range(cdist sh[,2]), ylim = range(cdist sh[2]))

text(xy, & Y, cex=0.8, pos=2) lines(cdist sh[.2], cdist sh[3], type = "p")

abline(v=0, h=0)

#|Shepard Diagram
win.graph()




