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8.1 Comprehension of CRA

8.2 Simple CRA

8.3 Independence & Homogeneity in CRA

8.4 Multiple CRA

8.5 MCRA of Classification Variables Data 

8.6 R for CRA : Practice Time 



• Definition

• Technique for displaying the associations among the rows and columns of  
contingency table in a type of scatterplot or map

• In general, chi-square statistics provide  tests for the independence or
homogeniety bt rows and columns.

→ In addition, CRA accounts more clearly for the relationship bt rows and 
columns, graphically.

• Applications

• Educational Psychology, Medicine, Survey, Social Science, etc. 

• Categorical Data Analysis, Text Mining, Big Data

Jean-Paul Benzécri is a French statistician and was born in 1932. He is most famous for the development of the 

Correspondence analysis, a statistical technique for analyzing contingency tables. It is widely used in sociological studies of 

categorical data. (Wikipedia)

https://en.wikipedia.org/wiki/French_people
https://en.wikipedia.org/wiki/Statistician
https://en.wikipedia.org/wiki/Correspondence_analysis
https://en.wikipedia.org/wiki/Contingency_table


• Simple CRA is the CRA of the  two-way contingency table

• Multiple CRA is the CRA of  the multi-way contingency table

Types of CRA : Simple CRA  and Multiple CRA 

3 x 3 Table for the preference of the sizes of car in 3 countries

[Data 8.4.1] 2 x 2 x 2 Table for customers

O.. = 338

O… = 12



[Example 8.2.1] 4 x 4 Table for Premarital Sex and Ability of Teenage(14~16 ages) Birth Control

• [Data 8.2.1] Two-Way Contingency Table(presex.txt) 

Teenage Birth ControlPremarital  
Sex

Strongly Disagree ~ Strongly Agree
Always wrong

Almost  wrong

Sometimes wrong

Not wrong at all

Ask about sexual relations before marriage

# Simple CRA ca() : Matrix for Two-Way Table
O<-matrix(c(81, 68,  60,  38,

24, 26,  29,  14,
18, 41,  74,  42,
36, 57, 161, 157), byrow=T, nrow=4)

rownames(O)<-c("Always wrong", "Almost wrong", "Sometime wrong", "Not wrong")
colnames(O)<- c("Strongly Disagree", "Disagree", "Agree", "Strongly Agree")
library(ca)
sca=ca(O)
par(pty="s")
plot(sca, main="SCRA package ca : Two-Way Table")

[R-code 8.2.2] presex-SCRA.R 

O.. = 926



Relative positions of the points  :
similarities and differences      
among  rows and columns 
categories.

SCRA package ca : Two-Way Table
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• [Example 8.2.3] 5 x 4 Table for Smoking Habits of 193 Staff members

• [Data 8.2.2] Two-Way Contingency Table : data(smoke) 

[R-code 8.2.3] smoke-SCRA.R 

Smoking category
None : does not smoke

Light : smokes 1-10 cigarettes a day

Medium : smokes 11-20 cigarettes a day

Heavy : smokes  more than 20 cigarettes a day

Staff group
SM: Senior managers

JM: Junior managers

SE: Senior employees

JE: Junior employees

SC: Secretaries

# Simple CRA : smoker data
library(ca)
data(smoke)
O=smoke
sca=ca(O)
sca
win.graph()
par(pty="s")
plot(sca, main="SCRA : Staff and Smoking Habits")

O.. = 193 



SCRA : Staff and Smoking Habits

Dimension 1 (87.8%)
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SE and SC are relatively similar 
group corresponding to None.

JM and JE are relatively far 
from those group.

SM is lying almost midway bt
JM and SE. Anyway SM 
correspond to None.

Non-smoker Group Smoker Group

According to staff group, 
smoking habits are different.



 Characters represent the coordinate points of rows and columns 

categories.

 Distance b.t. two rows ( or columns ) is weighted Euclidean distance and 

their closeness. 

 Distance b.t. row and column can’t be defined and just their the direction 

can be interpreted. 

 If there are some rows in the direction of a column, they are matched or 

corresponded. 

Interpretations of CRA Map

Joint display



Geometric Concept of Simple CRA





𝐺𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝐶𝑜𝑛𝑐𝑒𝑝𝑡 𝑜𝑓 𝑆𝑖𝑚𝑝𝑙𝑒 𝐶𝑅𝐴

=2





𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 𝑖𝑛𝑒𝑟𝑡𝑖𝑎(𝑒𝑖𝑔𝑒𝑛𝑣𝑎𝑙𝑢𝑒)

𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟 𝑣𝑎𝑙𝑢𝑒





[R-code 8.2.1] presex-SCRAalgorithm.R



• [Example 8.2.1] 4 x 4 Table for Premarital Sex and Ability of Teenage Birth Control 

Independence : Test

: Homogeneity of rows

: Homogeneity of columns

test

Ho : Premarital Sex and Ability of Teenage Birth Control are independent

Ho : There is no association b.t. Premarital Sex and Ability of Teenage Birth Control

Chi-square test :  X-squared = 128.6836, df = 9, p-value < 2.2e-16

Ho : Premarital Sex categories are homogenous

Ho :  Ability of Teenage Birth Control categories are homogenous

> chisq.test(O)

Probability of (I, j) cell

~𝑋𝑑𝑓=(𝑛−1)(𝑝−1)
2



Sex Age
Height

Tall Short

Male
Old 1 3

Young 2 1

Female
Old 1 2

Young 1 1

Condition Belt
Injury

None Minimal Minor Major

Normal
Yes 12500 604 344 38

No 61971 3519 2272 237

Drinking
Yes 313 43 15 4

No 3992 481 370 66

[Data 8.4.1] Customers Data : 

[Data 8.4.2] Driver Injury Data : 

Multiple CRA is the CRA of  the multi-way contingency table or Burt matrix

• [Example 8.4.1]  and  [Example 8.4.2] 

O… = 82,769

O.. = 12



Sex Age
Height

Tall Short

Male
Old 1 3

Young 2 1

Female
Old 1 2

Young 1 1

Indicator Matrix

Burt Matrix

Relations of Table, Indicator Matrix and  Burt Matrix



Driver 

Condition

Seat Belt 

Usages

Driver Injury Level

None Minimal Minor Major

Normal
Yes 12500 604 344 38

No 61971 3519 2272 237

Drinking
Yes 313 43 15 4

No 3992 481 370 66

O.. = 82,769









• [Example 8.4.1] 2 x 2 x 2  Table for Customers 
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• [Example 8.4.3] Burt Table for Demographic and Socioeconomic Variables

Sex : Male, Female SEXM SEXF

Level of education :
None/Grade School/Some High School/High school/College:

EDU1 ~ EDU5

Home ownership :
Mortgage/Owner/Tenant/Rent Free :
LOD1 ~ LOD4

Ownership of stocks and shares :
Yes/No : STO1~ STO2

Ownership of real estate :
Yes/No : HOU1 ~ HOU2

Age :
<25,  25-34,  35-49,  50-64,  65< : AGE1 ~ AGE5

Size of town (Number of Inhabitants):
<2,000,  2,000-20,000,  50,000-100,000,  100,000< :

SIZ1 ~ SIZ5

• Living conditions and aspiration of the French

•1000 subsamples over 18 years

[Data 8.4.3](sociecono.txt)

Ruralization Urbanization



-0.3 -0.2 -0.1 0.0 0.1 0.2

-0
.3

-0
.2

-0
.1

0
.0

0
.1

0
.2

MCRA algorithm : Burt Matrix

Dim1

D
im

2

sexm

sexf

edu1

edu2

edu3

edu4

edu5

lod1

lod2 lod3lod4

sto1

sto2

hou1

hou2
age1

age2

age3
age4

age5

siz1

siz2siz3
siz4

siz5

GOF = 27.39%

High educations(edu3-edu5) are 
related with rather young(age1-
age3) and urban part(siz4-siz5).

Stocks(sto1), real estate(hou1) homeownership(lod2)  
and ruralization(siz1) are related with old ages(4-5)
and low educations(edu1-edu2).

Male

Female

Old Young



[Example 8.4.4] Input Data : Three-Way Table

Condition

운전상태

Belt 

벨트

Injury 부상

None 

없음

Minimal 

경상

Minor 

중경상

Major 

중상

Normal

정상

Yes

착용
12500 604 344 38

No 

미착용
61971 3519 2272 237

Drinking

음주

Yes 

착용
313 43 15 4

No 

미착용
3992 481 370 66

[Data 8.4.4] accidenttable.txt 

[R-code 8.4.4] accidenttable-MCRA.R

Drivers who did not wear seatbelts and had been drinking
are suffered more injuries

Minimal
Major

Minor

Drinking

None

No Belt BeltNormal

Driver Condition

Injury Belt

Not Injury

: Cell position type  



• [Example 8.5.1] Economic View and Policy Preference

•120 subsamples over 19 years with questions for Survey

[Data 8.5.1](view.txt)

Optimistic
< 1000 

< 30

agree

Female

Pessimistic Male

1000 < =
oppose

30 < =

Sex : 1(Male), 2(Female)

Age : 1(< 30), 2(30< =)

Income : 1(< 1000만), 2(1000만 < =)

Economic View : 1(Optimistic), 2(Pessimistic)

Economic Policy : 1(agree), 2(oppose)

: Coding type of Survey Data

Economic View

Income

Economic Policy

Age



R-Code: Simple CRA Multiple  CRA

library(ca)
ca()

library(ca)
mjca()

SCRA Algorithm : 
Two-Way Table

MCRA Algorithm :
Z: Indicator Matrix
B: Burt Table
Classification Variables Data
Three-Way Table



R-code list of Chapter 8 Correspondence Analysis



[R-code 8.2.1] SCRA Algorithm for Premarital Sex and Ability of Teenage Birth Control(presex-SCRAalgorithm.R) 

[Step 1]

[Step 3]

[Step 2]

[Step 4]

[Step 5]

presex-SCRA.R



[R-code 8.4.1] MCRA Algorithm for Customers Data(customer-MCRAalogrithm.R) 



[R-code 8.4.2] MCRA Algorithm for Driver Injury Data(accident-MCRAalogrithm.R) 

accidenttable-MCRA.R



[R-code 8.4.1] MCRA Algorithm for Customers Data(customer-MCRAalogrithm.R) 


