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Multivariate techniques concerned with separating distinct sets of observations and 

with allocating new observations to previously defined groups.

 Discrimination : Finding a good discriminant to accurately predict group 

membership of observations.

 Classification : Deriving a rule for allocating observations to the  labeled groups

.

 The goals of two techniques frequently overlap, and the distinction bewteen 

separation and allocation becomes unclear.

[Goals]

[Definition] Discrimination & Classification

function of variables

 R.A. Fisher(1938) introduced the term discrimination in the first 

modern treatment of separative problem. 



Discriminating 12 owners from 12 non-owners of riding mowers [Table 6.3.1]

: Owners

Income        Lot size

Non-owners

Income        Lot size

Identify the best sales prospects for an intensive sales campaign Owners tends to have larger 
incomes and bigger lots than 
nonowners

Income seems to be a better 
discriminator than lot size

𝐶1

𝐶2

Misclassification Error Rate = 100(1 + 2)/(12+12)% = 12.5%

• Two C1 and C2 are determined by the red solid line
• Allocate observations to C1 and C2,respectively.
• 1 owner would be incorrectly  classified as  C2  

and, conversely, 2 nonowners as C1.

$1000 1000ft
2

𝐶1 𝐶2 :



pdfs associated with the p x 1 vector of  random variables for the 

populations   𝐶1 and 𝐶2,  respectively

Owner Non-owner



Expected Cost of Misclassification (ECM) =
1 2(2 |1) (2 |1) (1| 2) (1| 2)c P p c P p

Misclassification

Cost

Classify as:

True

population

0

0
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Classification Rule: making the ECM as small as possible

Cost matrix: usually costs are unknown  

Overall probabilities of correctly or incorrectly classifying observations

𝐶1

𝐶1 𝐶2

𝐶2

Prior probability x Conditional classification probability





Density
Ratio

Cost
Ratio

Prior Prob. 
Ratio

: New observation





• Case 1: Equal Covariance Matrices
1 2    

with~

𝐶1 :

and



• Case 2: Unequal Covariance Matrices

In practice, substitute                                                                              , respectively.

1 2  

𝐶1 :

with

𝐶1



Deriving ECM classification rule (Linear Classification Rule) :

Allocate 𝑥 𝑡𝑜 𝐶1





Deriving ECM classification rule (Quadratic Classification Rule) :

Allocate 𝑥 𝑡𝑜 𝐶1





Homogeneity Test of Covariance Matrices : 

~

L-R test statistics : with

Box’s M-test :

with

Note : library(biotools) > boxM(x, cluster)









• [Example 6.3.1] Two iris flowers (setosa, versicolor)

< 0.05

Reject

p-value

[R-code 6.3.1]Sepal length width Petal length width



• [Example 6.3.1] Equal Covariance Matrices of Fisher’s two iris flower (setosa, versicolor)

• [Figure 6.3.1] Scatter plot and Probability density function

Setosa

Versicolor

Sepal widthSepal lengthSepal length

Sepal width



• [Example 6.3.2] Equal Covariance Matrices of riding mower

Discriminating 12 owners from 12 non-owners of riding mowers [Table 6.3.1]

> 0.05

Not reject

Owners

Income        Lot size

Non-owners

Income        Lot size

p-value

[R-code 6.3.2]



• [Example 6.3.2] Equal Covariance Matrices of riding mower

• [Figure 6.3.2] Scatter plot and Probability density function

(a) Scatter plot: Owner = ○,𝑁𝑜𝑛𝑜𝑤𝑛𝑒𝑟 = ∆ (b) Probability density function 

Non-owner

Owner

Income LotsizeIncome

Lotsize



• [Example 6.3.3] Multivariate Normality Test and LDA of riding mower data :

• [Figure 6.3.3] Normality test of riding mower data
[R-code 6.3.3](ridingmower-Mardiatest-LDA.R)

mvn(owner, mvnTest=“mardia”,  multivariatePlot=“qq”)



• [Example 6.3.3] LDA of riding mower data :

Confusion Table(Matrix)

MER = (1 + 2)/24 x 100% = 12.5%



• [Example 6.3.4] Multivariate Normality Test and QDA of iris data : 

• [Figure 6.3.4] Normality test of iris data(setosa, versicolor)

[R-code 6.3.4](setosaversicolor-mardiaTest-QDA.R)

mvn(setosa, mvnTest=“mardia”,  multivariatePlot=“qq”)



• [Example 6.3.4] Multivariate normality test and QDA  of iris data: 

Confusion Table

MER = (1 + 0)/100 x 100% = 1%

- Quadratic discriminant function :  



Total Expected Cost of Misclassification

Total Probability of Misclassification







TECM Classification Rule : Misclassification Costs  are same

: quadratic discriminant score of cluster



• [Example 6.5.1] DCA of Fisher’s  three  iris  species

• [Figure 6.5.1] Multiple scatter plot for three kinds of iris (setosa, versicolor, virginica)



• [Example 6.5.1] DCA of Fisher’s  three  iris  species

STEP 1

- Covariance matrix :

[R-code 6.5.1]



• [Example 6.5.1] DCA of Fisher’s  three  iris  species

STEP 2

STEP 3

Covariance matrix

Reject



• [Example 6.5.1] DCA of Fisher’s  three  iris  species

STEP 4

Confusion Table

MER = (0 + 2 + 1)/150 x 100% = 2%



• OER (optimum error rate) :

• AER(actual error rate) = 

• APER (apparent error rate) :

Confusion Table



Confusion Table

Correct Classification Rate

(1) Criterion for performance of RSM(resubstitution method)  



• [Example 6.6.1] Evaluation of misclassification rate of LDF by RSM in  
riding mower data

[Example 6.3.3]

[Example 6.3.4]

[Example 6.5.1]

Note: APER is intuitively appealing and easy to calculate. 
Unfortunately, it trends to underestimate  the AER



• Classical Cross-Validation Method

𝑁𝑒𝑤 𝐶1
∗ 𝑁𝑒𝑤 𝐶2

∗

Two main defects: 
1) Large samples are required.
2) Discriminant(classification) function of training sample is not the function of interested.
=> Ultimately, almost all of the data must be used to construct the classification function 

Spliting the total sample

𝐶1 𝐶2 Note: CV = TRUE in LDA() or QDA()

Number of observations of 𝐶2
∗ misclassified into training sample 𝐶1

∗



• [Table 6.6.3] Lachenbruch Holdout Procedure by CVM

Omit 1 obs. (holdout obs.) Omit 1 obs. (holdout obs.)𝐶1

𝐶1

𝐶2

𝐶1𝐶2 𝐶2

𝐶1𝐶2

Expected Actual Error Rate

(2) Criterion for performance of CVM(cross-validation method)  



• [Example 6.6.2] Expected misclassification rate by CVM

[Example 6.6.1]

Classification of CVM by QDA

Clusters

[Example 6.6.2]

Classification of CVM by LDA

[R-code 6.6.1] : CV = TRUE

RSM



R-Code: Linear DCA Quadratic  DCA

library(MASS)
lda()

library(MASS)
qda()

Homogeneity Test of Covariance Matrices :   library(biotools) >  boxM()
Multivariate Normality Test : library(MVN) > mvn() or mardiaTest() 



R-code list of Chapter 6 Discriminant Analysis



[R-code 6.3.2] Homogeneity Test of Covariance Matrices(ridingmower-Boxtest.R) 



[R-code 6.5.1] QDA of Iris flowers with Homogeneity Test of Covariance Matrices(iris-QDA.R) 

mvn(setosa , mvnTest="mardia", multivariatePlot="qq")



[R-code 6.3.3] ridingmower-Mardiatest-LDA.R [R-code 6.3.4] setosaversicolor-mardiaTest-QDA.R

mvn(data, mvnTest="mardia", multivariatePlot="qq")



Testing Ho : MVN


