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Chapter 4  Special Topics

4.1 Multivariate normal distribution 
4.2 Generalized inverse
4.3 QR factorization and Cholesky decomposition
4.4 Kronecker product and Vec operator
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4.1 Multivariate normal distribution


  

∼

 ,  



 

     exp  















where 

 


 , 


≡











 

1)   , Bivariate normal


   


∼


    where 


    

 ,     
 

  
 

 


2) 

  




∼


    where    



        ⇒   



  ⋯ 

∼



  ⊥ 




  ⋯ 

∼



  with    

Ref: Sec 2.6 and Sec 2.7
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4.2 Generalized inverse


 







⟹  

  




 ×  : singular ⟹ ∃ 

⟺  ≠ : not full-rank

■ Linear equations and the solution






 ∧ ∃




⟺  

    : consistent
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Note

  : singular ∧    : condition for g-inverse

⟹ 




  ⟹ 


 




 ⟹ 

 




 ⟺ 

 




 : g-inverse of 

■ Generalized inverse matrix

×  with   ≤  or  and ×  : g-inverse of 

 ⟹     


 
 

×  ×  ×  × 

where    ,    









; × 
 : diagonal matrix

   ,    ,      : any matrices
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Proof) 
       ⋅      

×  ×  ×  × 
 : SVD (   ,    )

  ⋅    









 where × 
 : diagonal matrix

⟹     








   









 

  








   



 

  








  

  

 

∴  
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■ Moore-Penrose inverse 

From    


 
 , if         , 

 ⋅    










  : Moore-Penrose inverse 

Note Properties of  

ⅰ)    ,     

ⅱ)   : symm. and    : symm.
ⅱi)    (≤  )

       


 ;   ,   × 

⟹ ×    











⋅ ginv(A) in R and SAS/IML
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⋅ × with  ≥ 

                                               
⋅ ×  : upper triangular matrix     ⟹    

× × ×

⋅ × :    

decomp<-qr(X)

qr.Q(decomp)

qr.R(decomp)   

qr.Q(decomp)%*%qr.R(decomp

4.3 QR factorization and Cholesky decomposition
Useful ways of expressing a given matrix in the form of a product of the matrices having some special 
structure.

■ QR factorization

Corollary

⋅ × ⟹    ,   

⋅ ×  × × where ×    × 


 × 
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Example

     










   
   

    
  


    
     
   






    

    
  




 

                     
                         

Application

⋅ 
  


 




× × × ×

  

   





 

min

   ⟹   


  


  : ∃ numerical errors !

In general,     and   : non-singular  ⟹  

   




⋅ 




     


 


  ∵  

    





  ∵   
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
     


 












 


× 


 

× 

 ,  ×    × 


 × 

   




   


 



  


 
  ≥ 


 
 

       ⟹ Equality holds for 




 

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⋅ × ≥   
   ⟹  ∃ × : lower triangular matrix with  ≥ ,     ⋯ 

s.t    

⋅     ⟹  ∃  with   ,     ⋯ 

Tt<-chol(A)

Tt

T<-t(Tt)

T

T%*%Tt

■ Cholesky decomposition

Note

⋅        

⋅  ROOT in SAS/IML

Example

         










   
   

    











  
  

   











   
  
  

  
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Remark

⋅   
 ( ≥ )  ⟹       with   



⋅ ∃   s.t.      

(∃× s.t.      )  ⟹    


(∵     


 
 )

⋅     

⋅     

⋅ If   : a lower triangular matrix with  ≥     , 
                                  then      : Cholesky decomposition of 
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Example 1


×∼


  ,   

∃ s.t.   ≡

⟹ 

 





  where   

⟹ ⋅ 

  





  





 




⋅ 

  





  





 

 



 

 

 ×   ×   
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Example 2





= Euclidean distance between 


   and 


  





  





   













      





      












      










  (∵  )

      



  :  Mahalanobis distance
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Examples :     ,  


 


 

 

                 1) ⊗ =    = 

 


     

     

                 2) ⊗  = 

 


 

 
   =  


     

     

              
                

A<-matrix(c(0, 1, 2), byrow=T, nrow=3)

At<-t(A)

B<-matrix(c(1, 2,

            3, 4),  byrow=T, nrow=2)

K<-kronecker(At, B)

4.4 Kronecker product and Vec Operator
■ Kronecker product

⋅ ×  and  ×                       
         ⟹  Kronecker Product of ×  and  ×  

            ⊗ = 










  ⋯ 

  ⋯ 

⋮ ⋮ ⋮
  ⋯ 

 : ×
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Application : Multivariate Linear Model
   - (Univariate) Linear Model:  

  

 




× × × ×
,  


∼ 

 and  is unknown.
                                   
                                  


   


   ∼


   

   - Multivariate Linear Model :      
× × × ×

, ∼⊗ ⇒ ∼⊗

                                       ∼ ⊗

Properies

   ■ Basic

1) ⊗  = ⊗, for any scalar .
      2) ⊗ = ⊗, for any scalars  and .
      3) ⊗⊗  = ⊗⊗

      4)  ⊗  = ⊗ ⊗, if   and  are of the same size.
      5) ⊗  = ⊗ ⊗, if  and  are of the same size.
      6) ⊗ =  ⊗ 

      7) ⊗⊗ = ⊗, if × ×  × × .
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   ■ Trace, Determinant and Rank if × × .
      8) ⊗  

      9) ⊗    

     10) ⊗  

   ■ Inverse and g-Inverse if × × .

     11) ⊗ =  ⊗ , if     , and ⊗ is nonsingular.
     12) ⊗ =  ⊗ 

■ Vec operator

     Def) Operator transforming a matrix to a vector 

          ×  ⋯  with    ⋯
, 

                             ⟹  













⋮


 : ×  vector
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Example 

      


 


  

  
     ⇒  


















vec <- function(x) t(t(as.vector(x)))

A <- matrix(c(1,2,5,3,4,6), nrow=2, ncol=3, byrow=T)

A

vec(A)

Application:   ⋯ with       

                        ⇒  













⋮


  ⇒  











  ⋯ 
  ⋯ 
⋮⋮ ⋮
  ⋯ 

 ⊗ : × 

Properies
 ■ Basic 
           and  : any vectors,   and  : same size 
   1)     

   2)   ⊗

   3)    , where   and  are scalars.

■ Trace if × ×  ×  ×

   4)    

   5)    ⊗

   6)     ⊗  


