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4.1 Multivariate normal distribution
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1) p=2, Bivariate normal
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4.2 Generalized inverse

=  (X'X)b=X"y

X'X 1 singular = Z(xtx) !

pXp

= rank(X'X) = p : not full-rank

B Linear equations and the solution
Ab=c N FDb

= rank(A:c)=rank(A) . consistent




Note

A D singular AN AGA=A

= Ab=c — AGAb= AGc

— Ab= AGc

G g-inverse of A4

B Generalized inverse matrix
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B Moore—-Penrose inverse

Dt H, .
From G= I/(ﬁ;1 Hm) U, if Hyy =0, Hy =0, Hy, =0,
21 22
A = V(D(l)l 6) Ut : Moore—Penrose inverse

Note Properties of 4~

i) AA A=A, A AA =A"
i) AA~ : symm. and A A4 : symm.
i) rank(4)=r (< p,q)

Ay Ay

A:(A21A22) s rank(Ay) =1, Ay :irXr

A0
- GW:( 0 o)

ginv(A) in R and SAS/IML




4.3 QR factorization and Cholesky decomposition

Useful ways of expressing a given matrix in the form of a product of the matrices having some special
structure.

B QR factorization

Xoxp With n = p
decomp<-qr(X)
. . X = R qr.Q(decomp)
R,., - upper triangular matrix = @
nXp nXppxp gr.R(decomp)
qr.Q(decomp)%*%qr.R(decomp
: oy
Qnxp - Q@ Q=1

Corollary

Qn><n d QtQ:]’ QQt:I

R
Ksp = Qpocn By where ”Xp:(() po)




Example

—16—43 098 —0.5883484 —0.7676240 — 0.25416428 0.00000 — 3.858058 —24.8530745

4 12 —16
XZ[ 12 37 —43} = l 0.1961161 —0.1694754 0.96582428 J l— 20.39608 — 57.854260 105.3143646
0.7844645 —0.6180869 0.05083286 0.00000  0.000000 0.4574957

= QR

Application

y = X b + e

nx1 naxppxl nxl
S=llelP=Iy—Xbl?
min, 5 = (X'X)b=X"y : 3 numerical errors !
In general, rank(X)= full—rank and X'X: non-singular = b= (X'X)"'X'y
ly=Xb IP =11 Qy— @ XbI* (v QQ'=1,)

=l Qy—RbI° (- Q'X=R)




* e y* X1 Rl
y=”c2fy=(i ! j Rnxpz(o )
Yo (n—p)x1

ly— X0 P =1y — R IP 1y P = 1l g, |

= Equality holds for ngzyi




B Cholesky decomposition

A >0

mXm —

M —

st A=TT"

A>0 = H!TWH:h t”>0,/l/:1,2, e,

= 3 T,.,, - lower triangular matrix with ¢, >0, i=1,2, --

,» N

Tt<-chol(A)
Tt

T<-t(Tt)

T

T%*%Tt

Note
4= (TTt)—l _ (Tt)—lT—l
7T=ROOT(A) in SAS/IML
Example
4 12 —16 2 00Y\26—8
Aﬁz( 12 37——4%]:( 6 10}(0 1 5JZZTTt
—16—43 98 -853\00 3
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Remark

A=VDV' (420) = A=A"4"" with A= VD V'
JAY? st A=AYH4V?)
(3 Quun St QR'=Q'Q=D = A=VD Q'

(0 AYAYY = VD £Q'QD ;s V'= VD, V'= 4)

If 4Y2 : a lower triangular matrix with a; > 0,i=1,....m ,
then A= AY%A4'Y?" : Cholesky decomposition of A4
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Example 1

2,1~ (pw, ), X>0

= 21/2 st 2221/2(21/2)15 — 21/221/2

= ;=3 2(z—pu) where ¥ 2= (xV%))!

= - Bz)=X"Ea—p) =5 (p—p) =0

Var(z) = Var(Z™ " (z— p)) = 2 Var(z— p) (&~?)'

_ y 12 Var(g)(E_m)t
_ 2—1/22(2—1/2)75
_ 2—1/2(21/2(21/2)t)(2—1/2)t

= x(Z V2V = x[ =1

m m m
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Example 2

d(z,0)= Euclidean distance between z

d[(é’a Q) = z—01= [(é«_ Q)t(g— Q)]I/Z

— ( t2)1/2

and 0
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4.4 Kronecker product and Vec Operator

B Kronecker product

A,«, and B

pXq
= Kronecker Product of 4,,., and B, ,
anB apB - ay,B
amlB amQB amnB
Examples : A=[01 2], B= 12
P : - ] “ 13 4 A<-matrix(c(0, 1, 2), byrow=T, nrow=3)
At<—t(A)
1224
1) AQB = [0B 1B 2B] = [?) 83 16 8] B<-matrix(c(1, 2,
14 24 01202 4 3, 4), byrow=T, nrow=2)
= = K<-k ker(At, B)
2) B®A [3,4 4A] [o 3604 8] roneckertAt
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Application : Multivariate Linear Model
= X b 4+ e
4 - -, e~ N

e~ N, (0, 0°I) and ¢ is unknown.
nx1 nXxXp px1 nXx1

— (Univariate) Linear Model:

b= (X'X)"'X'y ~ N, (b, (X'X) 1%

n

— Multivariate Linear Model : Y=X B +FE , E~N0IQY) = Y~NXBIRX)

n

nxm nXxXp pXm nxXm
B=(X'X)"'X'Y ~ NB(X'X) 'ox)
Properies

B Basic

1) a®A = AR«, for any scalar «.

2) (aA)®(BB) = (apB)A® B, for any scalars a and g.

3) (A®RB)RC = AR (BRC)

4) (A+B)®C (AR CO)+ (B (), if A and B are of the same size.
5) AR (B+ O) (ARB)+(A® C), if B and C are of the same size.
)
)

6) (A®B)' = A'® B’
7) (AR B)(C®D) = (ACRBD), if A, .1, Byis Chsnr Discy

p
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B

B Trace, Determinant and Rank if 4 -

8) tr(AQ B) =tr(A)tr(B)
9) |[A® Bl = |AFIBI™
10) rank(A® B) =rank(A)rank(B)

mXm?

B

B Inverse and g-Inverse if 4 < g

m Xn’
1) (A®RB) ' = A'®B™ ", if m=n,p=¢, and A® B is nonsingular.
12) (A®B) = A ®B"

B Vec operator
Def) Operator transforming a matrix to a vector

Aan = [al,G,Q,"',a,n] with aj = (alj, a2j,"',a/mj>t,

= wvec(d)=| 2| : mnx1 vector
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1] vec <- function(x) t(t(as.vector(x)))
3 A <- matrix(c(1,2,5,3,4,6), nrow=2, ncol=3, byrow=T)
A= [1 i 5] = vec(A4) = Z A
3 6 vec(A)
5
16

Application: X= (z,29,-,,) with Cov(z;) =X, j=1,..,p

p

= vec(X) = 56:2 = Covlvec(X)] = 0 Z 0 = QX I npXnp
T, 00--X%
Properies
Bl Basic

a and b : any vectors, A and B : same size
1) vec(a) =vec(a') =a

2) vec(ab') =b®a
3) vec(a A+ BB)=avec(A)+ fvec(B), where o and g are scalars.

D

gxXm

B Trace if 4 B

mXn’ nXxXp?

Cox g
4) tr(A'B) = [vec(A4)]'vec(B)
5) vec(ABC) = (C'® A)vec(B)

6) tr(ABCD) = [vec(AN]'(D'® B)vec(O)
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