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3.1 Dimensional reduction of the multivariate data
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Projection: Projection y: of the n points y,i=1,..,n onto the vector v.
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Projection of Y, onto a one—diemensional subspace
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B Optimal problem in dimensional reduction of multivariate data

*

y; =v,.(viy,;) : Projection of the n points Y i =1,.m

onto the basis vector v, of kth dimensional subspace.
All at once, it is impossible to obtain all v, k=1, ---,p.

Subsequently, it is possible to find wv,.

Therefore consider the optimal problem of maximizing v' Y'Ywv for any v s.t. v'v=1.

This optimal problem in dimensional reduction of multivariate data can be solved by

A)=0"YV"Yv - A(v'v—1)
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e 2Y'Yv—2 =0 © Y'Yuv =M : Eigenvalue—eigenvector equation
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3.2 Eigenvalue and eigenvector

B Definition of eigenvalue and eigenvector
Given a 4,.,,

eigenvalue—eigenvector equation: Av=Av = )\ . eigenvalues

v(#0) : eigenvector corresponding to A
Note
Av—I2v=0 < (A—X)v=0
e A— M\ : non-singular © |[A— X |#0 © 3 (A—X])"' = wv= 0(contradiction!)
e A—)X: singular = ov=[A—-X]) (A—X])— 1z for arbitrary z
Result

J Meigenvalue) = |A— X |=0 : Characteristic(determinantal) equation of 4




‘1_A Ll=0 & -na-n+2=4-50+X+2
=)\ —51+6

=(A—3)(A—2)=0
S A=3 o0or A=2

| —11)(v1]_ (0 |
=2 = = Sl =0 & v =0,
) A=2 (— 2) 2)(@2) (0) vty =0 vy, = vy- arbitrary

o=k(1,1)" k: constant

i) A=3 = (:3})(21):(8) < =20 tu, =0 & v, =20,
2

u=k(1,2)" k: constant




Example 2: complex eigenvalues and eigenvectors

(1 1
A_(—2—1)
1-X 1 1
)L = aenaen e
=N+1=0
A=V —1=%1
) A= . (1 1)”01_.1)1 v, vy =10, o 90 = (141)
-t _2_1 UQ_ZUQ —2U1—U2:i1}2 Ul_ QO
—(1+i)v -
< v = 5 2,1}2——2k = QZk(l_—i_;) , k=0
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Example 3
2 1 1
A=| 2 3 4
—1—-1—2

2—X 1 1
2 3—X 4
-1 —1 —2—-A

=2-MB-AN(=2-A)—2-4—{—B=N)+2(=2—-2)—4(2— )}

=A+1)A—1)(A—=3)=0

A=—1or A=1o0or A=3

3 1 1\ 3v; +vy+v3 =0 v; =0
|) )\:_1 = (2 4 4}@229 (=1 21}1+4U2+4U3:0 == 'U2:_U3

0
S v, =0,vy,=k vs=—k = QZk{lJ
—1
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Example 4

123
A=|010
021

1-\ 2 3
0 1-Xx 0 |=(1—-))?>=0
0 2 1—2)\
(023J Y1 {2v2+3v3=0 vy =0
. A=1 = [000||vy|=0 <= _ g _
020/ 4 21)2—0 v3_0

1
= v=kO0
0

k
= {oj: |k|<oo}= 54(1) : Eigenspace
0
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Note : Eigenspace of A associated with A\
S, (AN ={z : 2ER™N Az= )z}

. Collection of all eigenvectors corresponding to the particular eigenvalue \
along with the trivial vector 0

Remark: Eigenvalue—eigenvector equation of 4!

A non—singular, Av= v

JA47Y = A '4v=24"v & v=24"v & A =2l

1

= A\ ' : eigenvalue of 4! corresponding to the eigenvector v

13




3.3 Spectral decomposition

B Spectral Decomposition (SD) of a symmetric matrix

Given a pxp symmetric matrix A4 with eigenvalues \; A and

{yl, ---,yp} is a set of orthonormal eigenvectors corresponding to these eigenvalues

= A=VDV'
where D, =diag(\,, -, \,) and V=(v, ---,v,) stV'V=VV'=1I

p p

Note

Orthonomal <
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Corollary
i) AY2 : square root matrix of A satisfying 4= 4"724"%2>
D 5 =diag(\}?, -+, \/?)
AV = VD V' @ symmetric square root of A

i) (A = (VD V) = VD s V'=4""

Remark

7))

Y= (.CCij j

Y=HX where H= ]—%J: centering matrix

YV'V=(n—1)S where S : covariance matrix

A=Y'Y=VD,V'=(n—-1)S © S=VD,, V'
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B SVD (Singular Value Decomposition)
Given a n X p matrix Y,

nXp nXp pXp pXp
where D - =diag(\/A, -, y/A,) with A} >=---= X\ eigenvalues of Y'Y(= vD, V")
V'v=vVvi=r, UU=I

Note: SVD is a factorazation for a matrix of any size.
SD is a factorization for a square and symmetric matrix.

Note : SVD of a nxp centred data matrix : Y= (azij—Ej)z UD /5 |4

Y'Y,.,=(UD ;s V) (UD ;5 V")

= VD ;U'UD ;5 V'
=VvD, V' :SD (=(n—-1)9
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YY'=(UD ;s VIUD V)
=UD ;V'VD 5 U'

=UDU" :SD (#(n—1)8)

Applications in multivariate statistics

e PCA (Principal Component Analysis)
e FA (Factor Analysis)
e MDS (MultiDimensional Scaling)

etc.
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B GSVD (Generalized Singular Value Decomposition)

nxXp nxr rXp

where U'QU= V¢ V=1 , Dﬁzdiag(ﬂm,

U . orthonormal w.r.t. 2>0

T/ . orthonormal w.r.t. @ >0

Ut ?u=vty
Vg2 e = vty
= 0P aeP =" U)D Ve =UD sV

Application Correspondence Analysis
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3.4 Matrix decomposition in R and SAS/IML

A= VD\V": SD and Z= UD,V": SVD

R SAS/IML

e ceigen(A)
eigen.A <- eigen(A) e call eigen(lambda, V, A)
round(eigen.A$values, 4) B=V#diag(lambda)*V";

round(eigen.A$vcetors, 4)

e svd() e call svd(U,q,V,2)
svd.Z <- svd(Z) B=Usxdiabg(q)*V";
round(svd.Z$d, 4)
round(svd.Z$u, 4)
round(svd.Z$v, 4)

Refer to the pp.69~71 in your text.
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3.5 Geometric concept of positive definite symmetric matrix

szp(Mﬂz)! 2>0

fla) = @m) 2181 Pexp|~ a5 e )

p=2 . Bivariate normal distribution

241 011012
Nolp,), u= , M=
2('& ) & (Mz) (021 CT22)
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Note

i) X=vD, V"'
i) 2 '=vD vV (CV'V=1D
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