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Chapter 3  Optimization 

3.1 Dimensional reduction of the multivariate data 
3.2 Eigenvalue and eigenvector
3.3 Spectral decomposition
3.4 Matrix decomposition in R and SAS/IML
3.5 Geometric concepts of positive definite symmetric matrix
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3.1 Dimensional reduction of the multivariate data
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Projection:  Projection 
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■ Optimal problem in dimensional reduction of multivariate data
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3.2 Eigenvalue and eigenvector
■ Definition of eigenvalue and eigenvector

Given a × ,

eigenvalue-eigenvector equation: 

 


   ⇒   : eigenvalues

                                                    




 : eigenvector corresponding to 

Note



 





   ⇔    







Ÿ  : non-singular ⇔     ⇔ ∃  ⇒  




(contradiction!)

Ÿ  :   singular    ⇒  

     


   for arbitrary 




Result

∃(eigenvalue)  ⇒       : Characteristic(determinantal) equation of 
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Example 1

    
  

  ⇒    
    


  


  ⇔     

     


  

   
   

   ⇔        

      

     

   ⇔     or   

ⅰ)     ⇒     
    


     ⇔       ⇔    : arbitrary

∴ 

     , : constant

ⅱ)     ⇒     
    


     ⇔       ⇔    

∴ 

     , : constant
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Example 2: complex eigenvalues and eigenvectors

    
   

   
    

    

   

∴  ±± 

ⅰ)     ⇒    
     


  


  ⇔    

    
  ⇔      

 ⇔  

 
      ⇒  


    

 
 , ≠

ⅱ)    ⇒    
     


  


  ⇔    

    
  ⇔      

 ⇔  

 
      ⇒  


    

 
 , ≠
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Example 3

 










  
  
     

                      

 
   
   
      

               

           

∴    or    or   

ⅰ)     ⇒  










  
  
     

















   ⇔  











  

  

     
  ⇒  

  

  
  

⇔          ⇒  

 













 
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ⅱ)     ⇒  










  
  
     

















   ⇔  











  

  

  
  ⇒  

   
   
  

⇔         ⇒  

 












 


ⅲ)     ⇒  










   
  
     

















   ⇔  











    

  

  
  ⇒  

   
   

     




⇔          ⇒  

 











 
 

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Example 4

 










  
  
  

 
   
   
   

    

∴     ⇒  










  
  
  















   ⇔    

  
  ⇒    

  

    ⇒  

 















    ⇒  






















   ∞







  : Eigenspace
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Note : Eigenspace of   associated with 

  ≡ 

 


∈∧


 




: Collection of all eigenvectors corresponding to the particular eigenvalue 
  along with the trivial vector 




 

Remark:  Eigenvalue-eigenvector equation of  

  : non-singular, 

 




∃   ⇒   

  


   ⇔  


  


   ⇔   


 




⇒   : eigenvalue of   corresponding to the eigenvector 


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3.3 Spectral decomposition

■ Spectral Decomposition (SD) of a symmetric matrix

Given a ×  symmetric matrix   with eigenvalues  ⋯  and



  ⋯


  is a set of orthonormal eigenvectors corresponding to these eigenvalues

⇒    


          where    ⋯  and    

  ⋯


  st     .

Note

          Orthonomal  ⇔  










∥

 ∥ 


 



   
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Corollary

ⅰ)   : square root matrix of   satisfying      

⋅   
  ⋯ 



⋅   
  : symmetric square root of 

ⅱ)    
  

  

Remark

     

⋅    where    

 : centering matrix

⋅      where  : covariance matrix

⋅      
    ⇔    


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■ SVD (Singular Value Decomposition)

Given a ×  matrix , 

                    

×  × × ×

where 
   ⋯  with  ≥⋯≥  : eigenvalues of   



      ,    

Note: SVD is a factorazation for a matrix of any size.
      SD is a factorization for a square and symmetric matrix.

Note :  SVD of a ×  centred data matrix :      
 

 ⋅   ×   




 




 
 : SD (  )
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        ⋅    




 




 
 : SD (≠ )

Applications in multivariate statistics

Ÿ PCA (Principal Component Analysis)

Ÿ FA (Factor Analysis)

Ÿ MDS (MultiDimensional Scaling)

etc.
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■ GSVD (Generalized Singular Value Decomposition)

   
 

×  ×  × 

where     ,  
  

  ⋯  
 with   ≥⋯≥  ≥ 

  : orthonormal w.r.t.   

  : orthonormal w.r.t.   

Note

    

    

⇒        
   



Application Correspondence Analysis
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3.4 Matrix decomposition in R and SAS/IML

  

: SD and   


: SVD

 R SAS/IML

Ÿ eigen(A)

 eigen.A <- eigen(A)

 round(eigen.A$values, 4)

 round(eigen.A$vcetors, 4)

Ÿ call eigen(lambda, V, A)

  B=V*diag(lambda)*V';

Ÿ svd(Z)

svd.Z <- svd(Z)

round(svd.Z$d, 4)

round(svd.Z$u, 4)

round(svd.Z$v, 4)

Ÿ call svd(U,q,V,Z)

  B=U*diabg(q)*V';

  Refer to the pp.69~71 in your text.   
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3.5 Geometric concept of positive definite symmetric matrix


∼


 ,  



    exp  















   : Bivariate normal distribution



 , 


  


,     

 

let 










  

⇒  

 , 


 


 

  

    

   
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Note

ⅰ)   


ⅱ)   
  (∵   )

ⅲ) 

 





 



 

⇔  

 


   

let  





  ⋯ 

  : pc transformation

⇔  

 


 

⇔   ⋯ 






















⋱


 














⋮


 

⇔  



⋯




  : The equation of a ellipsoid
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⋅   











 

 ± ,  ±

⋅   
















 











