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2.1 Linear model, least squares method and normal equations

B Definition of a linear model

Y : dependent (response) variables

X, X

, - independent (explanatory) variables

= Y=bX; +bXo+ - +b,X,+e ; e~ (0,07)
Note: In general, X; =1

- Regression analysis (a case of n observations)

yi:blxril—}_binQ_{— cc +prZ'p+ei ! i:1,2, "'7n

Y1 L1 L2+ L1p by €1
Pl=lor
Yn Lp1Lp e Ly bp €n

& y=Xbte (X : incidence matrix or design matrix): Matrix equation




Example: Aerobic Fitness
; ; rst run max
age weight runtime pulse pulse pulse oxy
44 89.47 11.37 62 178 182  44.61
2 40 75.07 10.07 62 185 185  45.31
44 85.84 8.65 45 156 168 54.30 * The number of observations : n =31
: : : : : : : : * The number of variables : p=7
29 49 76.32 9.4 56 186 188 48.67 * Dependent variable(1) : oxy
30 48 61.24 11.5 52 170 176  47.92 = Independent variables(6) : age, weight, runtime, rstpulse,
31 52 82.78 10.5 53 170 172 47.47 runpulse, maxpulse
* Regression analysis : y; = b1 X;; T 0, X;p+ -+ +0,X,,+e; 5 i=12 -n
Y1 L11 L12 -+ L1p by €1
== : : : e = y =Xb+e
Yn Lp1Tpg - Lny bp €n
44.61 1 44---182\( b e
= i o=l 4]
47.47 152---172 bp e,
A~ 71 . _
= (X'X) X'y if 3 (Xx'x)!




- Analysis of variance (ANOVA)

Yy = pto;tey

Example: weights of 6 plants (i=1,2,3 j=1,---,n)

Normal Off-type Aberrant
Yy = 101 Yo = 84 Yz = 32
Y12 = 105 Yoo — 88
Y13 =94
101:y11:,u+a1 +611 Y11 1100
105 =y =p tay tep Y12 1100((~
— — «
_ 94 = Y13=p +aoy te o Yis| _|1100||*
84 = Yo = p +a t ey Y2 1010y
88 = Y2 =p + oy + €99 Y22 13(1)(1) a
32 = Y31 = taztes Y31
é: (XtX)ilXty if 3 (XtX)fl ......... (1)

€1
€12
€13
€21
€922
€31

y =Xb+e




B Least squares method(LSM)

For
Y = 0y Xy H oo Xpp+ - +0, X, e 5 i=1,2, -, (n=p) © y=Xb+e
S=Yel=Y(y;— flz;,b) )* = e'e=(y— Xb)"(y— Xb): Sum of squared residuals
i=1 i=1
To find parameter values by, by, ---,b, for which the model "best" fits data,

the least squares method defines "best" as when the sum S of squared residuals is a minimum

l.e.

Min, o, 33y, — bz — - —bw,)? < Min, (y—Xb) (y— Xb)

. The least squares method




History of Least Squares Method

Adrien—Marie Legendre ( born 18 September 1752 — died 10 January 1833 )
In 1805, the idea of least squares analysis was formulated by the Legendre.

In 1805, he published the work by which he is chiefly known in the history of
statistics:

Nouvelles methodes pour la determination des orbites des cometes.
— Sur la methods des moindres quarres

dhd> —2 2 (F AN FEE0| O 5H0)

0l

<ol dHEE ZF5H7]| et M2

-
Mo

Ten years after Legendre's 1805 appendix, the method of LS was a standard tool in astronomy and
geodesy in France, ltaly, and Prussia. By 1825 the same was true in England.

LSM was closely associated with three of the major scientific problems of 18c:
i ) to determine and represent mathematically the motion of the moon
ii) Motions of the planets Jupiter and Saturn
iii) to determine the shape of figure of the earth.




Note : Matrix Derivatives(Diffentiation)

vV oa,v,wE R’

a atv
p p dvy— a;
T alv = Rt via = : =|: |=a : round a’v over round wv(derivative of a’v wrt v)
- - 0 t Clp
a v
dv,” ~
8@@ 8@@ c’)gtv ¢
- t = ) " - <a17 7ap> = a
62 8’01 8Up
Apy=(a1,05,,0,) and  v'A=(v'a,,v'a,y, v'a,)
ov'A [ov'a, ov'a, ov'a,
- = ) ’ ’ :(Q17a’27 agp):A
ov ov ov oV




VQ:MERps Apo:<ﬂ7@a'"
t
ov
ML YL
t
v Av t
- =2Av If A=A
dv
av' Aw
ov
ov'y
_ =2




(x'x) 'x'y

Proof of equation (1): b

- Regression analysis and analysis of variance (ANOVA)

Y11 1100 €11

Y12 il €12

Y1 L1 Lo+ Lp by €1 Y1 1188 o, e
=] : s ol = y=Xbte & = +

- - y21 1010 042 621

Yn xn $n xn b €n
1Tn2 P Yoo 13(1)(1) a3 €22
Ys1 €31
i ) Matrix proof
S=e'e=(y —Xb)'(y — Xb)
=y'y —b'X'y —y'Xb +b'X'X0b
=y'y —2b' X'y +b'X'Xb
8.8 " ¢ ¢ . -
%:_QXQJFQXXQ:() < X'Xb = X'y : normal equation

(- rank(X)=full column rank =p = I (xX'x) )
. least square solution for b = the unique least squares estimator




ii) Elementwise proof

yZ:b1$71+b2$Z2+ tee +bp$7p+62 , 7;:1,27 M £}

n n
S= Ze? = Z(yi—blxﬂ— —bpgcip)2 : sum of squared errors

= min, .., S

i3

f(by by ++b,) = zll(yi—blxﬂ— - —byr;,)* : objective function
9
a—f: Z 2(% — by — bpﬁb’y:p)(— l’ﬂ) =0
1 i=1
8 n
_f: Z Q(yz — by — bpxip)(_ 1'1'2) =0
ab? =1

! partial derivative of f(+) w.r.t b,




n
Z (blxﬂxil‘i‘ ° +bp$i1x
i=1
n
— (bla:?Qle + tec + bprQx
s 4
n
E (blxipxil—{_ tec +bp$Z Jf
=1
b1a11+ ccc +bpa/1pzcl
b1a21+ ccc ‘f‘bpan:CQ
=
bya, + -+ +ba, =c,
Ayp--- Ay by 91
e | =]
Q- Ay \by p
< Ab= ¢ : normal equation

A=X'X

In fact
’{QZXE

szlyz

1=1

Z Li2Y;

1=1

Z T Zpyz

1=1

E xuxzk

i=1

X'Xb =Xy

blz TpTyt+

=1

b Z szle

=1

b Z xszzl

=1

Q i, Jik=1,..

n n
i bpz Ti1Tspy — chuyi
i=1 i=1
n n
-t pr TioTiy — széyz’
i=1 i=1
n n
-+ bpz xipxip = szpyz
i=1 i=1
Hp )

. normal equation




2.2 Solution of (simultaneous) equations and inverse matrices

2b1 _5b2+4b3 :—3 bl - 124
by —2b,+ b3= 5 = by= 75 (by Gaussian elimination method)
bl _4b2+6b3: 10 b3 — 31

2—-54\(01) (-3
& [1—21] b, :( 5J : Matrix equation
1—46/\p 10




B Definition of identity matrix

I=diag(1,1, -+, 1)

. An identity matrix

having all diagonal elements equal to 1
For any matrices4 and B
A=A, IB=RB

B Definition of inverse matrix
For square matrix A, 3 square matrix B s.t.

AB=BA=1

= B=A ' : The inverse of 4

Remark: simple properties of inverse matrix
(AB) '=B7'4"!
(4’ =Y
(4™) =4




since AB=1,

AB=1 — A 'AB=A"'T —» B=A4""

Note : 4 > T, 1—> A !

= (Alr) — ({1147

2—541100 100|—8143
1—21]1010] > ({010 | —5 & 2| : Augmented matrix
1—46 1001 001]—231

* (Gauss—Jordan elimination method

M1) Ab

c

347" = A '4b=A4""'¢c & Ih=A"'¢

Note : 4 = T, c¢c— A ¢

= (Ale) — (1147 ")

2—54 -3 100
1—=211 5 | —1(010

1—461| 10 001

124
75

31




M2) Ab=c

JA™Y = Ab=Ic & Ih=A'c

Note:A—>I,[—>A_1,

-1
c > A ¢

= (Alel7) = (7|4 tela™Y

2—54(—=3]100 100
1—=211 5 (010 — (010
1—461 10

001 001

Summary : Elimination Methods

(A1) — (11477
(Ale) — (1147 "¢)
(Alel1) — (1147 ela™)

Home work © Do it !

124 | —8143
7 | =582
31 | =231




2.3 Conditions for existence of the inverse

B Conditions for the existence of 4!

i) A,., - non—singular

i) |A]=0

i) rank(A4)=n : full-rank

iv) A has n linearly independent rows

v) A has n linearly independent columns

Vi) Az= 0 has the sole solution z=0

vii) Number of eigenvalues of 4 = n




B Properties of 47!

A 'A=A4A4""1= 71 ( commutative law )

3141 (uniqueness )

Al=4= (A4 N)=4""
(A4B) '=pB"'4""

(A+B) '=A"1'—A B 1+4 Ha !

(=A, Band A+ B :nonsingular)




2.4 Calculation of the inverse in

R and SAS/IML

SAS/IML

e solve(A) o inv(A)

b<-solve(A)%*%c (b<- solve(A, c¢) ) b=inv(A)*c;

Refer to the text p. 40




2.5 Linear dependence and independence

2—54 2—54
A,=]1-21 = |4/=]1—-21
1—45 1—45
=[2(—2)5+1(—4)4+1(—5)1]—[4(—2)1+1(—=5)5+2(—4)1]
=[-20—16—5]—[-8—25—8]=—25—16+16+25=0 (" Rule of Sarrus)
= FA ' < A : singular Note
Rule of Sarrus or Sarrus' Rule is a method
and a memorization scheme to compute the
determinant of a 3X3 matrix. It is named after
the French mathematician Pierre Frédéric
Sarrus. Sarrus(1798-1861)
Rows
2 1 1
2|—5|—3|—2|=|—4| : linear dependence
4 1 5
Columns

2 ) 4
—3(1|—2|—2|=|1| : linear dependence
1 —4 5




B LIN ( linear independence or linearly independent )

n
=Yk, : linear combination
i=1

. The columns of X are LIN vectors

B LDN ( linear dependence or linearly dependent )

ky

cez,) ka =Y kz, : linear combination
: i=1
K,

<  Xk=0 for some non—-null k& (k= 0)

. The columns of X are LDN vectors




Note: |4,/ =0
2—54
A,=]1—-21
1—46

2 —5 4 92— 54\ (k1
h@}ﬁ%ﬂ}w{ng & @—2qk2=9 S Ak=0
1 —4 6 1—46/\%
Note: [A4,l=17# 0

EI14271 = AzilAQE: A;lQ

. The columns of A, are LIN




B Definition of rank

Rank of 4 = rank(4) = r(A)
. The number of linearly independent rows (and columns) in A4

Example

2—54 254
A, =[1-21|, 4,=]1-21
1—-45 1-46

rcmk:(Al) =2 & det(A1 )=0

rank(A4,) =3 < det(4,)#0

B Properties of frank‘(Aan)

i) rank(4,,.,)
i) rank(A4,,.,)
i) rank(A4,,..,)

min(m,n) = A : full rank
m = A  full row rank

= A : full column rank

I
3




B Application to statistics

i ) Variance

X,

nXxXp

(:L'ij)

: Data matrix

L i=1, -

= V= (wy— ;)

. Centering matrix

n —
(3711_151 )2
1=1

Yiy=

sym

i(xil —a1) (2 — 5)
i(xm_ Lo )?

2.6 Determinants

(%’1 - xl)(afzp
=1
JE— n JRS—
Z (55'1'2 - $2) (xzp
i=1




S11 512 p
Sgg =t Sy
=(n—1)S=(n—-1) ( S : The variance—covariance matrix )
sym
Spp/

* Variance

Generalized : |.9|
TOta| t?"(S):Sll+ e +Spp

Sy S
. Geometric view of ||, with S=| """ | and p=2
S S

- t
yk‘ - (xlk k > ",Enk xk )
Y, (331] Lj » Lpj — T >t
Area= |y, || X< [ g, [l X sind
n - n o
- 71} y] - E (xzk - Ty )2 E (ZL'U- — )2 X V11— C0829
' i=1 i=1




Note

=1
n —_—
E(mij—ajj)QZ(n—l)s]j
=1
; (@ — )@y — ;)
4.4, i=1
R P N PR :
' ’ \/Z($Lk_33—k)2 (xLJ_x_J)2
i=1 i=1
(n—l)sk,j

Skj

. AreaZ(n—l)M@\/l—rij




|51 = zf: ijj — SkkSj T SkjSjk
= s /s v/53) /s s35) (g
= sp5;;(1—173,)
L If p=2, |S|:(AT7€G)E
n—l)
- If p>2, ISIZM

(n—1)"




i) Multivariate normal distribution

$~N(u,02), c>0

flz)= \/21—7“7 exp

Flz) = (2r) "2 |2 Y2 exp| - %(z— w) 'S Hz—p)

L, Ellipsoid




p =2, Bivariate normal

z =(x,29) ~ Ny(pu, X)) where p=(py,p9)" |

b))

B (‘711 012)_
091 022

2
01 PO102
2
PO102 09

|21 = aio; = plotos = (1= p*)oioy
2
Pt 1 09 pPO109
|2 [\ = poyos 0?

o . TR A | ! L1 Ky Lo Ho Lo ™ Mo
(5'31 e Mz)E 1(552_#2) N 1—[72 [( o] )2_2p( o] )( P )+( 09 )2}
1
f(ﬁ) :f(xl7x2) = 27(0_10_2@ eXp(_ Q/2)
o 1 L1 7M1 Ty = Ky, Lo Mo Lo ™ M2 (o
where ¢= — [( - )*—2p( o ) o )+ ( - )
—p=0 — flz;, )= f(z)f(z,)




iii) Outlier
1S

2

- r; =g - for single outlier where S

1S

covariance

matrix with z; omitted.

- W . for multiple outlier where i= (iy, 4y, -*+,4,) , t=(number of observations)
Criterion: A relatively small value of r; indice =z, is potential outlier.
single outlier 2

i g = [26,] 1.0055308 [56,] 0.9289727 E = 424‘%)0500

[1,] 0.9472527 (27,1 1.0300230 | [57,1 0.9970349 e 25 358978 4675 6063 g7 |,

(2,] 0.8500749 [2e, 1 0.9129172 | [58.1 1.0240230 12 36 @21 027 7 32 TR T 85 o

[3:1 0.9736236 (29, 0.9858263 E:g% 2'32:‘:‘22:; 58 03 478 24 o e 84 o
(4,1 1.0093201 (30,1 1.0069715 | ") 052 BETTs Ao fhat 2200 119 5598 62 0 =

[5,] 1.0204481 | [31.] 0.9978288 | g5 g 1.0137424 & 15 2630°  4po i,

16272 (32,1 1.0333238 | (g3, 1.0389501 o 6o i 31 1 52 HBF o M s 308(;3 &

[6,] 0.9976272 o 6

4 2 [33,1] 0.9418272 |rg4,] 0.9787027 22 o 29 Dggo 79 o
(7.1 1.0250582 (34, 0.9877500 | [e5, ] 1.0281443 Gip T2% 85 o

8,1 1.0192968 (35,1 1.0416638 | [66,] 0.2554624 30 g o

[9'1 1.0092410 [36,] 0.982404E8 [67,] 1.0350832 75'P0

) (37, 1.0326007 | (68,1 1.0021611
[1?,1 f.aog'ms taa 3 2 Gadeine | 0553 % Gt % oo ey - 660 730
[11,] 1.04044595 (39, ] 1.0380238 | [70,1 1.0087386 o H o 33 & 89 5
[12,] 1.0273055 [40,1] 1.0047766 {;;@ 3'23;:‘;2: B 56 o
[13,] f.OlEBTE? [:;.] i-g;:gi;; [.?3:] o BEEdanE 610
[14,] 1.0142306 ’ - i 74,1 1.0068274 28 o 54 © 88 o
[15,) 0.9998236 | 123 rar e ia il 0.9647899
P A el LwE = | £76,.1 0.9746207

[}6'] f.OfEl‘.QSB [45,] 1.0290247 | p77,] 0.9633246 § & o
(17,1 1.0221134 (46, ] 1.0385267 |78, ] 0.9733431
[18,] 1.0208078 (47,1 1.0379448 | [79,] 0.9856481
(19,] 0.9996248 (48,1 1.0175129 | [20,1] 0.9946146

i u [49,1 1.0214440 |[21,1] 0.8404648
(20,1 1.0143645 | x0. 3 1.0440324 | (82,1 0.9384063
(21,1 1.0294478 [51,] 1.0327465 | [83,] 0.2226552 S =
[22,] 0.9894279 (52,1 0.9954448 {:gﬁ ;-‘;2102‘;; o |

= 5 . .9811 | T | T |
[23,] 0.9466385 [22.! ég;i:::i (26,1 1 BDEEARS
[24,] 1.0203104 | 32,1 S asises | 8% 0.8970167 0 20 40 60 80
[25,] 1.0365367 Fed i [ee, ] 0.9146625

Students




B Axiomatic definition of determinant :

t

_|n C112)_ il
o t

(91 Ao Qs

Axiom i ) Factorization

by kagy = k1109 — kG900, = k(11099 — Q10091) = k @12
= RQ11Q99 12021 = 11422 12021) =
Q91 Qoo g1 A2
o o
| |
t kat :
ka 2l it t
= L |=det| T |=kdet| T, = det|ka;|= kdet| 2,
a, ay as . :
t a
| Op | =]

Axiom ii) Adding multiples of a row(column) to a row(column)

aythkayotk

@21 P)
t
|
a| + ki a) k1, bt
< det . |= det| |+ det| ;| = det|a,Tkl,
a, @, =2 :
t
a
-p

= det

‘ = (an + k)%z — Qo (a12 + k) = Q1099 — A9 Gy T kagy — kag) =

G171 Q19

Qo1 Q9o

+ det

kE k

Aoy Qo9




Axiom iii) If two rows(columns) of A are the same, |A|=0

A1 Q12| 0

A1 Aq2

Axiom iv) The determinant of the ldentity matrix is 1

Axiom v) For kA, ,, det(k4)=k"det(4)

B Zero determinants
det(A4) #0 ¢ The vectors are linearly independent ( LIN )

S A is non-singular & 347!




2./ Determinants and the theory of the inverse

B Calculate the determinants

A1 Qq2
— A11090 T G909

Qo1 Qo9

A11 G103
|Al = |ay a9y asg

Qg1 a32 A33

_ _ . 1
= 11099033 + Q19093031 + Q13091035 = (A1300005 + a19001053 T ajia9303,)  © Sarrus' Rule

Qo9 Qo3 Qo1 Qa3 Qo1 Ao

a12(— 1)

. Expansion by minors

Q39 A33 Q31 A33 31 Q3o

= ayy (= 1) My agy (= 1) M+ ags (= 1)




11 Ay --r Gy

Ayl = | @i ag -+ agy :aﬂ(_1)i+1|j‘4¢1|+%2(_1)H2|M2l+ +am(_1)i+n|]wm|

App Qpa -+ Apy

= Eaij(_ 1)i+j |M]|
j=1

n
Ayl = Yaze;, for any i
=1

~
n

= Ya;c;;, for any j
1=1

where ¢;; = (—1)""7 || : Cofactor

. Cofactor Expansion

n
. OZZaijckj , for i=k
j=1

3
z:laljczj = Qqq (_ 1)2+1|]‘421| ta, (— 1)2+2|%2| + a13(_ 1)2+3|]‘423|
j=

G19013 G103 Q11012

= an (_1)2+1 +a12(_1)2+2 +a13 (_1)2+3 ayap a3l = 0

‘ G117 G120 013
Q31 a32 A33

Qg9 Q33 Q31 A3z3 Q31 Q3o




B Derivation of the inverse by cofactors

Note

Q11 Q9

A=

|

|Al = ayja9 — appaqy # 0

Qo1 Qo9

- 1 [ @y —ap
A= )
|Al\—ay ay -
o L( Aoy — Qg (a11a12
|Al\—ay ayn J\ag as
_ L( @19y — Al Gy — Golyo
|Al \ = apag +anay —agan+apay
:L(|A| 0) :@(10) —
A\ o 14l) 14ll01

|

A lA=1T




Adjugate of A4

Ci; — (_ 1)i+j |MJ|

ij
= {eyt=0C

= adjd = C"

Theorem

A with | Al = 0

nxn

1

= A '=—C"

1

AT T 14

: Adjugate (or adjoint) matrix of A

adjA




Theorem AC'=|A|x I

A*l_ict

14

¢
Ci1 ++ Cipn Ci1 =+ Cp1

Proof) C'7| : D= 3
Cn1 =+ Cy Cin ==+ Cy

Zaljclj 0 M 0
ayp -+ A\ (C11 -0 Cp1 I . : n
AC' =] A = ST (" Dayey =0, i=k)
App - Ay Cin ==+ Cpy ' n j=1
Symm- a;njcnj
j=1
Al 0 - 0
_ | Al ol
~ o | =i
sy mm. |Al
Lemma
t t t
SolAl=0 = A%:[ = A1:% (of course C'A=A4lI & %Az[)




B Cramer's rule

Ab=c
Al=0 = 347'=-L ¢
Al AT
-1 te
b=A 'c |A|C b, = |A|\Ak\k 1,
Ci1-+- Cp1
: RIS
1
b= | Cie-+ Cor||
v |A| lkz :k {C]
Cin--- Cp

¢y -+ e0,

1 ‘ 1
— m C1kC1 ++ CnkCp | = |— chkcj

<.
|
—

C1,C1 T+ cpC

Ecjncj




n

. 1
" bk_mzcjkcj
7=1
n
chkcjzclkcl+ e,
j=1
1+k +k
=c; X (=1) "Myl + - + ¢, x(=1)""MM,
with A, is a matrix replacing the k™ column of A by c
Note
11012073 €1
A=|a9 Q0| , c=|Cy
a31 a3 03 ¢
3
= chlcj = ¢q161 T 9169 T 3105
j=1

ey X (= ITHUM 4 o X (—1)2THMy, | + e3 < (= 1) T,

C1Q120G13
Co gg Qo3| = |A1|

C3 A3y Q33

1

RG]

|4,




B Properties of |A4]|

Ay Q1p a 0
1) A= T . upper triangular matrix , A=| : °-. . lower triangular matrix
0 a Ay Q

nn nn

= |A|:CL11>< Xann
i) |AB|=|AllB|

i) 1Al=14"

iV) ‘All Q

= |A11||A22|

V) A,., : The orthogonal matrix < A'A =1 with gjtgkzo, j# k and thQJ-:l

[Al=+1 (7 1= =]4"Al=]4"Al=|AP)

B, ., Any matrix = |A'BA|=|B]




vi) [cAl=c"|Al if A,., A c is constant

All A12
n, Xn, ny X (n—n,)

vii) A, ., = . Partitioned matrix
A21 A22

(n—ny)xn, (n—n)xn—ny)

Al =AMl Ay — Ay A Ayl if 141 =0
|Al = |A22||A11 - A12A2_21A21| if |A22| =0

viil) * Ay j=1,..,n © eigenvalues of 4, .,

4l=T11I,

J=1




Application 1

z = (2,29, - ,2,) ~ N, (1, )

p
DRPEED P
> Xr
1R q J28] e
:'E p— ~ p— 2_
px1 Hop) o 7
< —q=r
L Yo Xy

rilxy, < Xy=0
Flz) = (2r) P3| exp[— %(z— ) E (z— )]

) X = |211||222 - 22121_11212| = |211||222| (v 2= 0)

o0
0 %y

1) (2= ' a—p)=((z,—p)" (25— n,))

Lo Mo

£1_ﬁ1)

= (il_lil)tzl_ll(ﬁl_lil)"'(£2_/i2)t22_21(£2_/i2)
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Application 2
y | — z)l
Hyin=py — 42— 121 2lei-o)le, g)t
LRT for 1ol Doz )z — 1)

H:Y=5%, — A:(%)”p/%tr(—%251,4)|20—1A| where A=Yz, —2)(z, —

Multivariate normal distribution ~ f(z) = (27) P2 2|7 2exp[— l(g— )2 Ha— )]

[\]

Likelihood function : Hf (2) "% 2|~ "2exp| — %Z ")
i=1

A=maxg Ly, Y) / maxg L(p, ¥) = —2InAd~x* deg=dim(6)—dim(6,) where © =06, JO,




