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1.1 Definition of a matrix

B Definition of a matrix

A matrix is a rectangular or square array of numbers arranged in rows and columns.
X has n rows and p columns ;

T11 L12... L1p

X=| T2 (z;; * The element in the ith row and jth column of a matrix X)

L1 Tpa ... Ty

X={a;} , for i=1,2, .,n and j=1,2, .,p

. An alternative and briefer form

Note: X has n rows and p columns. The size of X is nXp.




1.2 Necessity of matrix

X S R D
B Multivariate data
Consider data containing observations on two or more variables.
In general, data contain the n observations O;...,0, and p variables I,...,Z,,.
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<+ Geometrical Representations of 3—dimensinal space

Students Mechanics Algebra Statistics
1 7 67 81
P 63 80 81
3 50 50 50
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R={r,} jk=12,3
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X =16 80 &l
50 50 50




3-Dimensional Scatterplot Using the scatterplot3d in R

X<-matrix(c(77, 67, 81,

63, 80, 81,

50, 50, 50), byrow=T, nrow=3)
library(scatterplot3d)

Mechanics<-X[,1]

Algebra<-X[,2]

Statistics<-X[,3]

scatterplot3d(Mechanics,Algebra, Statistics,
color=c("blue", "red", "green3"), pch=20)

Student1<-X[1,]

Student2<-X[2,]

Student3<-X[3,]

scatterplot3d(Student1,Student?2, Student3,
color=c("blue", "red", "green3"), pch=20)
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library(rgl)
plot3d(Mechanics, Algebra, Statistics,

col=c("blue", "red", "green3"), size=3)

library(rgl)
plot3d(Studentl,Student2, Student3,

non

col=c("blue", "red", "green3"), size=3)




<+ [Data 1] Examination marks on 5 subjects (Mardiaet al., 1979, pp. 3—4)

Obs Mechanics Vectors Algebra  Analysis Statistics

TH A A EH() BIE (¢) tH=r (o) aH4 (o) EA(0)
C: closed-book 1 s 82 57 o7 a1
: ; 2 63 78 80 70 81
O: open-book 3 75 73 71 66 81
4 55 72 63 70 68
5 63 63 65 70 63
6 53 61 72 64 73
7 51 67 65 65 68
8 59 70 68 62 56
g 62 60 58 62 70
10 64 72 60 62 45
L ]
&
&
80 30 24 43 33 25
81 3 9 51 a7 40
82 7 51 43 17 22
83 15 40 43 23 18
84 15 38 39 28 17
85 5 30 44 36 18
86 12 30 32 35 21
87 5 26 15 20 20
88 0 40 21 9 14
Questions:
. How to combine or average these marks?
. Relationship between open—book and closed—-book ?




<+ [Data 2] Protein consumption in European 25 countries

Protein Source: Meat  Pigs Eggs Mik Fish Cereals Starchyfoods Nuts/ Oil-seeds Fruits/Vegetables

217 =3 -® AY f§F AHd T4 JIE F -3 AW -2

LHiLo} 10,1 1.4 0.5 89 02 423 0.6 5.5 1.7
2 ~EZ]O}L 8.9 14.0 43 19.9 21 280 36 1.3 43
Bl 7] ofl - 5 4 135 93 4.1 17.5 45 26,6 5.7 21 40
& 7te|o} 7.8 B0 1.6 83 1.2 56,7 1.1 3.7 4.2
Hz 9.7 11.4 2.8 12,5 2.0 34,3 5.0 1.1 4.0
cint3 108 10,8 3.7 250 9.8 21,9 48 2:7 2.4
et 8.4 11.6 2.7 11.1 5.4 2486 6.5 0.8 3.8
HIRHT 9.5 4.9 27 337 5.8 25.3 5.1 1.0 1.4
=¥~ 180 3.9 3.3 19.5 57 281 48 2.4 6.5
a2 10.2 3.0 2.8 176 59 4.7 22 7.8 6.5

o

[ ]

[ ]
zE & 6.2 3.7 1.1 449 142 27.0 59 4.7 7.9
= otuot 62 B3 1.5 11.1 10 496 31 53 2.8
S H| 2 71 34 31 86 7.0 292 57 59 7.2
Fat 1= 9.9 7.8 35 247 7.5 18.5 37 1.4 2.0
e 131 10,1 31 23,8 23 258 28 2.4 4.9
= 17.4 53 47 206 43 243 47 3.4 53
S 9.3 46 2.1 166 30 436 6.4 34 29
= 1.4 125 41 188 34 1858 52 1.5 2.8
Fu&Thu| o} 4.4 50 1.2 95 06 559 30 5.7 3.2

Questions:

. Which countries have high consumption of each kind of protein?

. Relationship between protein sources ?
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1.3 Basic operations

B Addition

For the two matrices of the same size

Ay Az ... A1p b1y b1y ... blp
Aoy @ o, by b b,
A= ?1 .22 ?p and B= ?1 ?2 '2p
Ap1 Qpa ... Ay bnl bn2 bn

ay; by apptbyy a1p+b1p

. by Ayt b +b
the sum of two matrices A and B : A+ pB=|%2 "2 92702 .. (27T Oy

an1+bvzl an2+bn2 anp+bn
. The matrix sum A plus B

It is the matrix formed by adding the matrices A4 and B element by element.

C=A+B . {c;}={a;+b,} . for i=1,2, .,n and j=1,2, .,p




B Scalar multiplication

For
T4 T12... 21

X X X
X=|"272"2 ) Lot oany scalar

Tp1Tp2 ... Tn

the product of a scalar and a matrix :

kxyy kxyy . kxlp
EX (= XE) = k’-??m /{::?’22 k‘iCQp

kmnl kxn? kxnp

= {k/’x”} for i:1727 o n and j:1727

. The matrix X multiplied by the scalar k.




B Product of two matrices

For
ap Qg ... 4
. . .p bll .. blj . blm
. . : b b . b
A = ail ai2 ces aip aﬂd B: .21 .2] .e 2m
. . . b 1 b . b
anl an? ees a’n pleee ¥pg e Ypm

D
:;alkbkl ) for ’Lzl, M and le, e m
=1

! The element of the product C=4, . ,B,.,, = {c;}

The required condition :

The ith row of A(and hence all rows) must have the same number of elements as does the jth column
of B(and hence all columns).
This means that there must be exactly as many columns in A as there are rows in B.
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B Data Matrix

1.4 Matrix Representation of Multivariate Data

The nXp data matrix :

Lyp - Lyj-- Ty
X = |z Lijees Tip| = (%) [gl,---, z, ,---,gp]i Column Representation
_gjnl xnj . gjnp_
t
. _ (2 + o+ z,) 1 & Lz,
The mean of jth variable: x; = : M= —Exij = !
n n ‘= n
The centred data matrix: Y= (xij—:c_j),izl, oy ny J=1, .., p.
1
Y = X——JX= HX
n
1 . . : :
where H = [ — EJ: centering matrix, J : unit matrix
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B Summary Statistics : mean vector, covariance matrix, correlation matrix

- - - _., X1,
(1) mean vector : =z = [z,.,3,..,3,] =
n
(2) pXp covariance matrix:
Sn Sz Syt Sy
S22 + 895 Sgp
S (skj) .
) Sip Sip
()
Spp
1 & —
_ . . . . 2 _ o 92
variance of ; th variable: s;j = 8 = n_liz]l(xij xj)
=[Sum of squared =z; deviationl/(n—1)
- standard deviation of j th variable: s; = /s;;

— covariance of k th variable and ; th variable:

1
n—1

é(ﬂjzk - 'T_k) (Ccij - l’j)

Skj = Sjk —

=[Sum of cross product of x; deviation and deviation]/(n—1)
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3) § = 1 Vy= L

t
— — X HX.

(4) standardized data matrix:

Z = (ij) :( (azkj—x_j)/sj)

(5) pxp correlation matrix:

1 7rg -y Ty
1 = Tojce Ty
L. Tip

(th3) :

1

correlation coefficient of 4k variable and ; th variable:

2 Dz, — )

s
r = b if k=g
\ Sk A/ S n —\92
Lik — 331@ Z(xij_ @"j)
i=1
=1 if k=7

6) R= D 2D Y*where D;Y?=(DY?™', DY?* = diag(\/s11s s V8 )¢ standard deviation matrix
(squared root matrix)
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1.5 Creating Matrices X, Y, S, R in R and SAS/IML

R SAS/IML
. proc iml;
X <= matrix(c(77, 67, 81,
X={77 67 81,
63, 80, 81,
63 80 81,
50, 50, 50), byrow=T, nrow=3)
50 50 50};

> E=matrix (scan|"c:/work/home/matrix_eng/subject.dat™), necol=3)
Fead 9 items
> X

[-11 [.21 [,3]
[1,] 77 63 50
(2,1 67 BO 50
[3,] g1 81 &0
n <- nrow(X)
p <- ncol(X)
Xbar <- matrix(0,1,p)
for (i in 1:p) {

Xbar[,i] <- mean(X[,i]) n=nrow(X) ;

} u=J(n,1,1) ;

Y <- matrix(0,n,p)

J <= matrix(1,n,1)

# Centred Matrix

Y <- X - J%*% Xbar

# Covariance Matrix
S <~ tN%*%Y/(n-1)
D<~- sqrt(diag(S))

# Correlation Matrix

R<- diag(1/D)%*%S%*%diag(1/D)

mean=u’ *X/n ;
X_bar=repeat(mean,n,1) ;
Y=X-X_bar ;

S=Y"*Y /(n-1);
D=sqrt(diag(S)) ;
R=inv(D)*S#*inv(D) ;
print Y DS R;

/# Centred Matrix */

/* Covariance Matrix */

/# Correlation Matrix #*/

14




